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LAYERS AND SPIKES IN NON-HOMOGENEOUS BISTABLE
REACTION-DIFFUSION EQUATIONS

SHANGBING AI, XINFU CHEN, AND STUART P. HASTINGS

Abstract. We study ε2ü = f(u, x) = A u (1−u) (φ−u), where A = A(u, x) >
0, φ = φ(x) ∈ (0, 1), and ε > 0 is sufficiently small, on an interval [0, L] with
boundary conditions u̇ = 0 at x = 0, L. All solutions with an ε independent

number of oscillations are analyzed. Existence of complicated patterns of layers
and spikes is proved, and their Morse index is determined. It is observed that
the results extend to f = A(u, x) (u − φ−) (u − φ) (u − φ+) with φ−(x) <
φ(x) < φ+(x) and also to an infinite interval.

1. Introduction

In this paper we are concerned with the existence and stability of equilibrium
solutions for reaction diffusion equations of the form

ut = ε2uxx − f (u, x)

on an interval (a, b) with Neumann boundary conditions ux (t, a) = ux (t, b) = 0.
Such problems have a considerable history since they arise in a variety of physical
contexts, as can be seen by consulting the citations in [FR2]. An early mathematical
reference is the paper [AMPP], which studied all of the stable solutions in the
case where f = u(1 − u)(φ − u). Subsequent results on “single layer” unstable
solutions were obtained in [HS]. In [AH] the problem was studied with f(u, x) =
u3 − λu + cos x, λ > 3/ 3

√
4; [AH] includes some of the conclusions on existence

in this paper for the special case considered there. However here we consider a
more general nonlinearity, obtaining an even richer collection of solutions since the
“multiple spikes” found below are not present for the model in [AH]. Similar results
were studied in [A] and [HM], although in both of these cases the nonlinearities were
quadratic rather than cubic in nature. Other related papers include [CP], [FR1],
[HASL], [HSG], [KU] and [RO].

The main focus of this paper, however, is the Morse index of unstable solutions.
An early related result is in [ABF], where solutions with arbitrary given Morse index
are shown to exist for arbitrarily small ε. Here, after constructing layer and spike
type solutions by a shooting method, we are able to determine all of their Morse
indices. The first paper to do this for models of this kind was by Nakashima [N],
who considered the “balanced” case f = A(x)u(1 − u)( 1

2 − u). Her methods were
variational (and so very different from ours). Our results do not apply to her model.
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Subsequently she again used variational methods to study layers in the unbalanced
case, obtaining results similar to some of ours (Nakashima, private communication).
As far as we know, variational methods have not been successfully applied to study
the Morse index of spike solutions. We mention as well that many of the results
in our paper were independently conjectured by Matano (private communication).
We will see below that the computations needed to determine the Morse indices of
layers and spikes in this problem are quite delicate.

To obtain steady state solutions, we consider the boundary value problem{
ε2ü = f(u, x), x ∈ I := (a, b),

u̇(a) = u̇(b) = 0,
(1)

for a sufficiently small positive parameter ε, where ˙= d
dx and f = ∂F

∂u =: Fu is the
derivative of a smooth bistable potential F . More precisely,{

{u ∈ R | f(u, x) = 0} = {0, φ(x), 1} ∀x ∈ Ī,

0 < φ(x) < 1, fu(0, x) > 0, fu(1, x) > 0 ∀x ∈ Ī.
(2)

At the end of the paper we will show that a transformation takes

f = A(u, x) [u − φ−(x)] [u − φ(x)] [u − φ+(x)],

where A > 0 and φ− < φ < φ+, to a slight extension of the standard form (2), the
difference being that the new function f depends as well on ε. Our results extend
to the type of functions obtained by such a transformation.

Solutions to (1) correspond to critical points of the energy functional

Eε(u) =
∫ b

a

{ε

2
u2

x(x) +
1
ε
F (u(x), x)

}
dx =

∫ (b−ξ)
ε

(a−ξ)
ε

[1
2
U2

y (y) + F (U(y), ξ + εy)
]
dy,

where U(y) := u(ξ + εy) and ξ ∈ (a, b). We are only interested in solutions that
have an ε independent bounded number of oscillations in any bounded interval,
namely, solutions in the set

SN,ε = {u | u solves (1), u̇ = 0 has at most N roots in any interval of length ≤ 1}.
With such a definition, we can allow the length b − a to be arbitrarily large.

To study solutions in SN,ε, we introduce

J(x) :=
∫ 1

0

f(s, x) ds, φ0(x) :=
{

0 if J(x) < 0,
1 if J(x) > 0,

F (u, x) :=
∫ u

φ0(x)

f(s, x)ds, φ∗(x) ∈ [0, 1]\{φ0(x)} : F (φ∗, x) = 0,

S(x) :=
d

dx

∫ φ∗(x)

φ0(x)

√
2F (s, x)ds =

∫ φ∗

φ0

Fx√
2F

ds if J(x) �= 0.

Note that φ lies between φ0 and φ∗ and F (s, x) > 0 for all s between φ0 and φ∗.
As ε is small, near each x0 ∈ I, any solution to (1) can be approximated by

U((x − x0)/ε), where

U ′′(y) = f(U(y), x0) ∀y ∈ R.

Note that U ≡ 0 and U ≡ 1 are the only stable constant solutions. Physically
they correspond to two phases, which we call 0 and 1. When J(x0) �= 0, the
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potential energy density F (1, x0) and F (0, x0) of the two phases are different. In
our definition, φ0(x0) is the non-minimal potential energy phase, whereas the
other (0 if φ0 = 1 and 1 if φ0 = 0) is the minimal energy phase.

On the phase plane, all the trajectories are given by U ′2 − 2F (U, x0) = C. Since
we are only interested in solutions to (1) that have finitely many (independent of
ε) oscillations, only the trajectories corresponding to C = 0 will be relevant (cf.
Lemma 2.1 below).

If J(x0) = 0, the trajectory U ′2 = 2F (U, x0) gives a heteroclinic orbit connecting
0 and 1, which will be called a (phase transition) layer or an interface. The
interfacial energy associated with a layer is

(3) E(x0) ≡
∫ ∞

−∞

[1
2
U ′2(y) + F (U(y), x0)

]
dy =

∣∣∣∣∣
∫ φ∗(x0)

φ0(x0)

√
2F (s, x0) ds

∣∣∣∣∣ .
To study layered solutions to (1), we will assume that all roots of J = 0 are non-
degenerate, namely,

J2(x) + J̇(x)2 > 0 ∀x ∈ Ī.(4)

Suppose that J(x0) = 0 > J̇(x0). Then the minimal potential energy phase switches
from 0 to 1 as x passes the position x0. Hence if U(−∞) = 0 and U(∞) = 1, the
phase transition is from the minimal energy phase before x0 to the minimal energy
phase after x0. On the other hand, if U(−∞) = 1 and U(∞) = 0, the transition is
from the non-minimal energy phase to the non-minimal energy phase.

When J(x0) �= 0, the trajectory U ′2 = 2F (U, x0) gives a homoclinic orbit which
we will call a spike, with base φ0(x0) and peak φ∗(x0). Regarding a spike as two
layers, the excess energy a spike adds to a ground constant state u = φ0(x) is then
twice E(x0), defined in (3). It turns out that spikes can only appear near those
points where S = 0, e.g. near the critical point of E(x) or near the boundaries. To
study these solutions, we assume that zeros of S are non–degenerate, i.e.,

S2(x) + Ṡ2(x) > 0 ∀x ∈ {z ∈ Ī | J(z) �= 0}.(5)

For an illustration of the functions J and S, one can calculate that when f =
u(u − 1)(u − φ),

J(x) = 1
6 (φ − 1

2 ), S ∝ φ̇.

Hence, for this particular non-linearity, the set where S = 0 is the set of all critical
points of φ.

Any solution to (1) is necessarily bounded between 0 and 1. Hence, it is concave
in the set {u > φ} and convex in {u < φ}. An oscillation will then be referred to
as a root to u = φ.

This paper is divided into three parts.
In Part I, we investigate the location of oscillations of solutions in SN,ε. We

show that oscillations are either layers or spikes. Layers appear only near ZJ and
spikes only near ZS where

(6) ZJ = {z | J(z) = 0}, ZS := {z �∈ ZJ | (z − a)(z − b)S(z) = 0}.

Multiple layers can exist, but only in transitions from a non-minimal potential en-
ergy phase to a non-minimal energy phase (i.e., from φ0(x0−) to φ0(x0+)). Mul-
tiple spikes can exist, but only at those interior points where S = 0 < JṠ, or
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at the boundary point a if {J(a)S(a) > 0 or S(a) = 0 < J(a)Ṡ(a)}, or at b if
{J(b)S(b) < 0 or S(b) = 0 < J(b)Ṡ(b)}.

In Part II, we show that there exist solutions with arbitrarily prescribed numbers
of oscillations at places allowed by the italicized sentences in the previous paragraph.

In Part III, we study the dimension of the unstable manifold, i.e., the Morse
index, of an arbitrary solution in SN,ε. We show that the Morse index is equal
to n − nsl − nss, where n is the total number of oscillations, nsl is the number of
minimal energy phase to minimal energy phase transitions, and nss is the number
of interior spikes near which JṠ < 0.

Our analysis would have been much simpler if boundary oscillations were not
addressed. For simplicity, the reader can skip the analysis for boundary oscillations.

Throughout this paper, we always assume (2), (4), and (5). For simplicity, we
consider only the case that a, b, and f are independent of ε. Nevertheless, when a, b,
and f depend on ε, all the proofs remain unchanged, provided that f is uniformly
smooth, and that φ, 1−φ, S2+Ṡ2 and J2+J̇2 are uniformly positive. For boundary
layers or spikes, we need to assume that either a ∈ Z := {z ∈ R | J(z)S(z) = 0} or
dist(a, Z) ≥

√
ε, and either b ∈ Z or dist(b, Z) ≥

√
ε.

Finally, we remark that assumption (2) implies, for all x ∈ Ī, the following:

|f(s, x), fx(s, x), fxx(s, x)| ≤ Ks(1 − s) ∀s ∈ [0, 1],

|G(s, ŝ, x), Gx(s, ŝ, x), Gxx(s, ŝ, x)|

≤ K

{
s2 − ŝ2 if 0 ≤ ŝ < s ≤ φ(x),
(1 − s)2 − (1 − ŝ)2 if 1 ≥ ŝ ≥ s ≥ φ(x),

G(s, ŝ, x) ≥ 1
K

{
s2 − ŝ2 if φ(x) ≥ s ≥ ŝ ∈ [0, 1

2φ),
(1 − s)2 − (1 − ŝ)2 if φ(x) ≤ s ≤ ŝ ∈ ( 1

2 (1 + φ), 1],

where K is a positive constant and

G(s, ŝ, x) := F (s, x) − F (ŝ, x) =
∫ s

ŝ

f(v, x) dv.

Part I: Solutions in SN,ε

In this part we study a general solution in SN,ε. When needed, the following
even (about a and b) and periodic (with period 2(b − a)) extensions are implicitly
assumed:

f(s, a + y) = f(s, a − y), f(s, x) = f(s, 2(b − a) + x),
u(a + y) = u(a − y), u(x) = u(2(b − a) + x) ∀y ∈ [a − b, 0], x ∈ R.

With such an extension, f is continuous and piecewise smooth, and u solves ε2ü = f
on R.

2. Locations of oscillations

Lemma 2.1. Let N ≥ 1 be a given integer. Then

lim
ε↘0

sup
u∈SN,ε

max
x∈¯I

∣∣∣[ε2u̇2 − 2F (u, x)] u(1 − u)
∣∣∣ = 0.
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Proof. By a maximum principle, if u �≡ 0 and u �≡ 1, then 0 < u < 1 in Ī.
Suppose that the assertion is not true. Then there exist δ > 0 and a sequence

{εi, u
i, xi}∞i=1 such that limi→∞ εi = 0 and for each i ≥ 1, there holds εi > 0,

ui ∈ SN,εi
, and |ε2

i u̇
i2 − F (ui, xi)|ui(1 − ui)|x=xi

≥ δ. By taking a subsequence if
necessary, we can assume that limi→∞ xi = x∗ ∈ Ī.

Define Ui(y) = ui(xi + εy) for y ∈ [−(b − a)/εi, (b − a)/εi]. Then U ′′
i =

f(Ui, xi + εy) ( ′ := d
dy ). Hence {Ui}∞i=1 is a bounded family in C2, and, by taking

a subsequence if necessary, there exists U ∈ C2(R) such that limi→∞(Ui, U
′
i) =

(U, U ′) uniformly in any compact subset of R. In addition U ′′ = f(U, x∗), so
that U ′2 = 2F (U, x∗) + C for some C. One notes that if C > 0, then the so-
lution is unbounded on R, and if C < 0, then the solution is periodic. But
both are impossible, since Ui is bounded and can have at most 2N + 1 oscil-
lations in [−1/εi, 1/εi]. Hence, we must have C = 0. But this implies that
limi→∞ |ε2

i u̇
i2(xi) − F (ui, xi)| = limi→∞ |U ′

i
2(0) − F (Ui(0), xi)| = 0. This com-

pletes the proof. �

We remark that if b− a is not bounded, then the subsequence is taken such that
limi→∞ F (·, xi) = F ∗(·) for some smooth bistable potential F ∗.

Lemma 2.2. For each integer N ≥ 1, there exists ε(N) > 0 such that for each
u ∈ SN,ε with ε ∈ (0, ε(N)], there are an integer n ≥ 1 and points τ0, · · · , τn and
z1/2,· · · ,zn−1/2 such that

{x ∈ Ī | u̇(x) = 0} = {τ0, · · · , τn},
{x ∈ Ī | u(x) = φ(x)} = {z1/2, · · · , zn−1/2},
a = τ0 < z1/2 < τ1 < · · · < zn−1/2 < τn = b.

Proof. If u(z) = φ(z), then ε2u̇2 ≈ 2F (φ, z) > 0, so that d
dx (u− φ)|x=z �= 0. Hence

the number of roots of u(x) = φ(x) is finite. In addition, between each pair of
neighboring roots of u = φ, ε2ü = f �= 0, so u is either convex or concave, and
hence there is a unique local extreme, i.e., a unique τ such that u̇(τ ) = 0. The
assertion of the lemma thus follows. �

In the sequel, N ≥ 1 is a fixed integer and u ∈ SN,ε with ε sufficiently small. We
use the notation in Lemma 2.2. With the even and periodic extension, τi, zi+1/2

are well defined for all integers i.

Definition 1. Let l and k be integers satisfying −N ≤ l < n, 0 < k ≤ n + N ,
0 < k − l ≤ 2N .

We call (τl, τk) an interval with a cluster of oscillations if

zk−1/2 − zl+1/2 ≤ (k − l − 1)
√

ε, zl−1/2 +
√

ε < zl+1/2, zk−1/2 +
√

ε < zk+1/2.

A cluster is referred to as interior if 0 ≤ l < k ≤ n. Otherwise it is called a
boundary cluster.

An interior cluster is called a cluster of spikes if k− l is even, and layers if k− l
is odd.

A boundary cluster is called a boundary cluster of layers if J = 0 at the boundary
point; otherwise it is called a boundary cluster of spikes.

A cluster of spikes is called multiple if k− l ≥ 4 and single if k− l = 2. Similarly,
a cluster of layers is called multiple if k − l ≥ 2 and single if k − l = 1.
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Note that for boundary clusters, either k + l = 0 or k + l = 2n, so that k − l is
always even. Consequently, boundary layers are always multiple. Restricted to the
interval [a, b], a single boundary spike will be called a half boundary spike. (In this
terminology, a half boundary layer exists only for Dirichlet boundary conditions.)

If we define an equivalence relation zi+1/2 ∼ zj+1/2 if |zi+1/2−zj−1/2| ≤ |i−j|
√

ε,
then each equivalence class {zi+1/2}k−1

i=l can be regarded as a cluster, and belongs
to an interval (τl, τk) with a cluster. In this manner, the decomposition is unique.
Also, each cluster is either of spikes or of transition layers.

Theorem 1. Assume that f satisfies (2), (4) and (5), that N is a fixed positive
integer and ε > 0 is sufficiently small. Define ZJ and ZS as in (6).

Let u ∈ SN,ε be arbitrary and let (τl, τk) be a cluster of oscillation of u. Then
there exists z∗ ∈ ZJ ∪ZS such that zi+1/2 = z∗ + O(ε| ln ε|) for all i = l, · · · , k− 1.
In addition:

(i) if k − l = 1, then z∗ ∈ (a, b) and J(z∗) = 0;
(ii) if k − l > 1, then u(τl) = φ0(z∗−) + O(e−1/

√
ε) and u(τk) = φ0(z∗+) +

O(e−1/
√

ε);
(iii) if k − l > 2, then JS > 0 in (z∗, z∗ +

√
ε) and JS < 0 in (z∗ −

√
ε, z∗).

Remark 2.1. (1) If z∗ ∈ (a, b) ∩ ZJ , then φ0(z∗−) �= φ0(z∗+), so that k − l is odd.
On the other hand, if z∗ ∈ ZS ∪ {a, b}, then φ0(z∗+) = φ0(z∗−), so that k − l is
even. Hence, transition layers appear only near ZJ and spikes only near ZS .

(2) If z∗ = a, then l = −k, and if z∗ = b, then k = 2n − l.
(3) From (ii), multiple layers exist only in transitions from non-minimal phase

to non-minimal phase.
(4) From (iii), multiple spikes exist only near those z∗ ∈ [a, b] at which S(z∗) =

0 < J(z∗)Ṡ(z∗), or z∗ = a and JS > 0 in (a, a +
√

ε), or z∗ = b and JS < 0 in
(b −

√
ε, b). (Note that J(·) is even and S(·) is odd.)

(5) The definition of S implies that limx→ξ S(x) = ∞ if J(ξ) = 0 < J̇(ξ) and
limx→ξ S(x) = −∞ if J(ξ) = 0 > J̇(ξ). Hence, for some positive δ depending only
on f ,

(7) if J(z∗) = 0, then JS < 0 in [z∗ − 2δ, z∗) and JS > 0 in (z∗, z∗ + 2δ].

Later on, we shall provide accurate estimates on the location of oscillations, as
well as the potential energy density at points of local minimum and maximum. The
following lemma plays a key role in our estimates. We use the notation

ui = u(τi), fi = f(ui, τi), φi = φ(τi), φ∗
i = φ∗(τi), u̇i+1/2 = u̇(zi+1/2),

α(x) =
{ √

fu(1, x) if u(x) > φ(x),√
fu(0, x) if u(x) < φ(x),

Ei =
{ ∫ ui

0
f(s, τi)ds if ui < φi,∫ ui

1
f(s, τi)ds if ui > φi,

αi = α(τi), Fi = F (ui, τi).

Lemma 2.3. For each i = 0, · · · , n,

ε2u̇2(x) = [2 + O(ε)] G(u(x), ui, x) ∀x ∈ [zi−1/2, zi+1/2],(8)

ε| ln f2
i | = 2αi|τi − zi±1/2| + O(ε + (τi − zi±1/2)2),(9)

Ei − Ei+1 = J(zi+1/2)H(u̇i+1/2) + O(ε),(10)
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where H(·) is the signature function, i.e., H(s) = 1 for s > 0, = −1 for s < 0 and
= 0 for s = 0.

Proof. By symmetry, we need only consider the case where ui is a local minimum.
Then u̇ > 0 and f > 0 in (τi, zi+1/2). Set ν := minx∈I,s∈(0,φ/2]{

f(s,x)
s } > 0. Then

ε2üu̇ = fu̇ ≥ νuu̇χ{u<φ/2} in [τi, zi+1/2]. After an integration, we then obtain, for
some positive constant c0 independent of ε,

ε2u̇2(x) ≥ c0(u2(x) − u2
i ) ∀x ∈ [τi, zi+1/2].

Now integrating d
dt{

1
2ε2u̇2(t) − G(u(t), ui, t)} = −Gx(u(t), ui, t) and using dt =

O(ε)√
u2−u2

i

du and |Gx(u, ui, t)| = O(1)(u2 − u2
i ), we obtain

1
2ε2u̇2(x) − G(u(x), ui, x) = −

∫ x

τi

Gx(u, ui, t)dt

= O(ε)
∫ u(x)

ui

s2 − u2
i

(s2 − u2
i )1/2

ds = O(ε)(u2 − u2
i ) = O(ε)G(u, ui, x),

from which (8) follows.
Note that 2G(u, ui, x) = [2 + O(x − τi)]G(u, ui, τi). Integrating dx = ε√

ε2u̇2 |du|
gives

ε

∫ u(x)

ui

1√
2G(s,ui,τi)

ds =
∫ x

τi

[1 + O(ε)][1 + O(x − τi)]dx = x − τi + O(ε + (x − τi)2).

Since 2G(u, ui, τi) = fu(0, τi)(u2 − u2
i )(1 + O(u)) and αi =

√
fu(0, τi), we have, at

x = zi+1/2, ∫ ui+1/2

ui

1√
2G(s, ui, τi)

ds =
∫ φi+1/2

ui

1 + O(s)
αi(s2 − u2

i )1/2
ds

= − ln ui

αi
+ O(1) = − ln f2

i

2αi
+ O(1)

since f2
i = α4

i u
2
i [1 + O(ui)]. This gives (9). It remains to prove (10).

Integrating d
dt (

1
2ε2u̇2(t)−G(u(t), 0, t)) = −Gx(u, 0, t) = O(u2) over t∈ [τi, zi+1/2]

gives

1
2ε2u̇2

i+1/2 + Ei − G(ui+1/2, 0, zi+1/2) = −
∫ zi+1/2

τi

Gxdt

=
∫ ui+1/2

ui

O(ε)s2

(s2 − u2
i )1/2

ds = O(ε).

Similarly, integrating d
dt (

1
2ε2u̇2(t) − G(u(t), 1, t)) over [zi+1/2, τi+1] gives us

1
2ε2u̇2

i+1/2 + Ei+1 − G(ui+1/2, 1, zi+1/2) = O(ε).

Hence, taking the difference, we obtain

Ei − Ei+1 = O(ε) + G(ui+1/2, 0, zi+1/2) − G(ui+1/2, 1, zi+1/2) = O(ε) + J(zi+1/2).

This completes the proof. �
From formula (9), we immediately obtain the following:

Corollary 2.4. There exists a positive constant µ that is independent of ε such
that if (τl, τk) is an interval with a cluster, then |fl| + |fk| ≤ e−µ/

√
ε.
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For simplicity, in the sequel, we assume µ = 1; otherwise, we modify the defini-
tion of clusters by replacing

√
ε with

√
ε/µ.

3. Transition layers

Let z∗ ∈ ZJ be fixed. In this section, we consider a generic cluster of oscillations
near z∗; namely,

[zl+1/2, zk−1/2]∈ [z∗ − 2δ, z∗ + 2δ], zk−1/2 <zk+1/2 −
√

ε, zl−1/2 <zl+1/2 −
√

ε,

where δ is a small positive constant (independent of ε). By (10), (9), and Corollary
2.4,⎧⎪⎨
⎪⎩

Ei − Ei+1 = (−1)i−lH(u̇l+1/2)J(zi+1/2) + O(ε), i = l, · · · , k − 1,

(zi+1/2 − zi−1/2) + O((zi−1/2 − zi+1/2)2) = ε
αi
| ln f2

i | + O(ε) ∀ i ,

|fl| + fk| = O(e−1/
√

ε).

We now solve, asymptotically for small positive ε, this “algebraic” system for Ei

and zi+1/2. For definiteness, we assume that u̇(zl+1/2) > 0.
Note that δ small implies J = o(1) in [z∗ − 2δ, z∗ + 2δ], so that Ei = o(1) and

τi − zi±1/2 � ε for all i = l, · · · , k.

3.1. Interior single layer. Suppose k − l = 1. Then |fl| + |fl+1| = O(e−1/
√

ε) so
that J(zl+1/2) = O(ε). Since J̇(z∗) �= 0, we must have zl+1/2 = z∗ + O(ε). In this
case we must have z∗ ∈ (a, b), since otherwise we would have k − l ≥ 2.

3.2. Interior multiple layers. Suppose 0 ≤ l, k ≤ n and k − l > 1. Then
z∗ ∈ (a, b). As zl+3/2 − zl+1/2 � ε,

El+2 − El = J(zl+3/2) − J(zl+1/2) + O(ε) = {J̇(z∗) + o(1)}(zl+3/2 − zl+1/2).

From El = O(e−1/
√

ε), we conclude that J̇(z∗) > 0. As J(z∗) = 0, we see that
φ0(z∗−) = 0 and φ0(z∗+) = 1. Since u̇l+1/2 > 0, we conclude that u(τl) =
φ0(z∗−) + O(e−1/

√
ε). In a similar manner, we have u(τk) = φ0(z∗+) + O(e−1/

√
ε).

Thus, k − l is odd.
A mathematical induction gives, for all positive integers m ≤ (k − l − 1)/2,

El+2m = {J̇(z∗) + o(1)}
m∑

s=1

(zl+2s−1/2 − zl+2s−3/2),

Ek−2m = {J̇(z∗) + o(1)}
m∑

s=1

(zk−2s+3/2 − zk−2s+1/2).

Note that f2
i = 2α2

i Ei(1 + O(
√

Ei)). Hence,

Ei = o(1) =⇒ zi+1/2 − zi−1/2 � ε =⇒ Ei > ε

=⇒ zi+1/2 − zi−1/2 =
ε

αi
| ln f2

i | + O(ε) ≤ O(1)ε| ln ε|

=⇒ Ei ≤ O(1)ε| ln ε| =⇒ ε ≤ Ei ≤ O(1)ε| ln ε|

=⇒ | ln Ei|
| ln ε| = 1 + O(ln | ln ε|)

| ln ε| = 1 + o(1)

=⇒ | ln f2
i | = [1 + o(1)]| ln ε|
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for all i = l + 1, · · · , k − 1. Therefore, zi+1/2 − zi−1/2 = ε| ln ε|{ 1
αi

+ o(1)}, and

(11)

⎧⎨
⎩ f2

l+2m = 2mε| ln ε|{α2
l+2

αl+1
J̇(z∗) + o(1)},

f2
k−2m = 2mε| ln ε|{α2

k−2
αk−1

J̇(z∗) + o(1)},
m = 1, · · · , (k − l − 1)/2.

Finally, using El+1 = [J̇(z∗) + o(1)](z∗ − zl+1/2) + O(ε) we derive that

(12) zi−1/2 − z∗ = ε| ln ε|
{

o(1) + [ i−k
2 ] 1

αk−1
+ [ i−l

2 ] 1
αl+1

}
, i = l + 1, · · · , k,

where [x] represents the largest integer no bigger than x. In particular, when
fu(0, z∗) = fu(1, z∗) = α2, we have

zj = z∗ + ε| ln ε|
α {j − k+l

2 + o(1)} for j = l + 1
2 , l + 3

2 , ..., k − 1
2 ,

τj = z∗ + ε| ln ε|
α {j − k+l

2 + o(1)} for j = l + 1, ..., k − 1.

3.3. Boundary layers. Finally, we consider the case k = −l. Then necessarily,
we must have z∗ = a. Restricting to the interval [a, b], we have the “boundary
conditions”

Ek = O(e−1/
√

ε), z1/2 = a +
{

1
2α0

+ o(1)
}
ε| ln f2

0 |.

Following a similar argument as for interior layers, we conclude that J̇(a)u̇k−1/2 > 0
or u(τk) = φ0(a+) + O(e−1/

√
ε). Also for i = 1, · · · , k and m = 0, · · · , [k−1

2 ],

zi−1/2 − a = {o(1) + ([ i+1
2 ] − 1

2 ) 1
α0

+ [ i
2 ] 1

α1
} ε| ln ε|,

f2
k−2m = 2α2

k−2|J̇(a)|{ m
αk−1

+ o(1)} ε| ln ε|,
f2

k−2m−1 = 2α2
k−1|J̇(a)|{ k

2αk−1
+ k−2m−1

2αk−2
+ o(1)}ε| ln ε|.

(13)

In summary, we have the following:

Theorem 2. Let N be a given positive integer. There exist positive constants δ∗

and ε∗ such that for each z∗ ∈ ZJ , the following hold:
Let ε ∈ (0, ε∗] and u ∈ SN,ε be arbitrary. Suppose that (τl, τk) is an interval with

a cluster for u such that [zl+1/2, zk−1/2]∩ [z∗ − δ∗, z∗ + δ∗] is non-empty. Then the
following hold:

(i) If z∗ ∈ (a, b) and k − l = 1, then zl+1/2 = z∗ + O(ε).
(ii) If z∗ ∈ (a, b) and k − l > 1, then k − l must be odd, J̇(z∗)u̇l+1/2 > 0, and

(11)–(12) holds.
(iii) If z∗ = a, then l = −k, J̇(a∗)u̇k−1/2 > 0, and (13) holds.
(iv) If z∗ = b, then k = 2n− l, J̇(b∗)u̇l+1/2 > 0, and relations analogous to (13)

hold.

Remark 3.1. The estimates (11) or (13) imply that the minima and maxima of u
in [τl, τk] ∩ [a, b] are monotonic, which is a key observation used in [AH].

4. Spikes

Theorem 2 implies that if (τl, τk) is an interval with a cluster, then either
[zl+1/2, zk−1/2] ⊂ [z−O(ε| ln ε|), z+O(ε| ln ε|)] for some z ∈ ZJ or [zl+1/2, zk−1/2]∩
(
⋃

z∈ZJ
[z − δ∗, z + δ∗]) = ∅. In this section, we consider the latter case, i.e., an

interval (τl, τk) of a cluster such that

[zl+1/2, zk−1/2] ∩ (
⋃

z∈ZJ

[z − δ∗, z + δ∗]) = ∅.(14)
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Note that there exists a positive constant η which is independent of ε ∈ (0, ε∗]
such that either J > η in [zl+1/2, zk−1/2] or J < −η in [zl+1/2, zk−1/2]. It follows
from Lemma 2.1 that ε2u̇2(x) = F (u(x), x) + o(1) for all x ∈ [τl, τk]. Hence, k − l
must be even, ul+2m−1 = φ∗

l+2m−1 + o(1) and zl+2m−1/2 − zl+2m−3/2 = O(ε) for
all m = 1, · · · , (k − l)/2, and for all m = 0, · · · , (k − l)/2, ul+2m = o(1) if J < 0 or
ul+2m = 1 − o(1) if J > 0.

For definiteness, we shall assume that J < −η in [zl+1/2, zk−1/2] and define
F (v, x) =

∫ v

0
f(s, x)ds for all x ∈ [τl, τk].

Lemma 4.1. For each integer i = l + 1, l + 3, · · · , k − 1 (i.e., τi is the peak of a
spike),

2αi±1|τi − τi±1| + O(|τi − τi±1|2) = ε| ln Fi±1| + O(ε),(15)
Fi − Fi±1 = ±εH(J(τi)) S(τi) + O(ε2 + εFi±1| ln Fi±1|).(16)

Proof. Since J < −η in [zl+1/2, zk−1/2] and ui = φ∗
i + o(1), fi < −η̃ and τi is a

local maximum. By (9), zi+1/2 − zi−1/2 = O(ε). As ln f2
i±1 = ln Fi±1 + O(1), (15)

follows from (9). It remains to prove (16).
Integrating d

dt (F (u(t), t)− 1
2ε2u̇2(t)) = Fx(u(t), t) over (τi−1, τi), we obtain

Fi − Fi−1 =
(∫ zi−1/2

τi−1

+
∫ τi

zi−1/2

)
Fx(u(t), t) dt.

In the interval t ∈ [τi−1, zi−1/2], we use Fx(u, t) = Fx(u, τi) + O(u2)(τi − t) =
O(u2), dt = ε 1+O(ε)√

2G(u,ui−1,t)
du(t), G(u, ui−1, t) = G(u, ui−1, τi)[1+O(τi−t)], τi−t =

O(ε)+zi−1/2− t, and zi−1/2− t = O(ε)
∫ φ

u
1√

s2−u2
i−1

ds = O(ε) lnu to conclude that

∫ zi−1/2

τi−1

Fx(u(t), t) dt = ε

∫ φi−1/2

ui−1

{ Fx(s, τi)
(2G(s, ui−1, τi))1/2

+
O(ε)s2 ln s

(s2 − u2
i−1)1/2

}
ds

= ε
{∫ φi−1/2

0

−
∫ ui−1

0

} Fx(s, τi)√
2F (s, τi)

ds

+ε

∫ φi−1/2

ui−1

Fx(s, τi)
{

1√
2G(s,ui−1,τi)

− 1√
2F (s,τi)

}
ds + O(ε2)

= ε

∫ φi−1/2

0

Fx(s, τi)√
2F (s, τi)

ds + O(ε)u2
i−1 ln ui−1 + O(ε2)

since | Fx(s,x)√
2F (s,x)

| = O(s), |Fx|| 1√
G

− 1√
F
| ≤ |Fx||F−G|

F
√

G
= O(1) u2

i−1√
s2−u2

i−1
. It then

follows that∫ zi−1/2

τi−1

Fx(u(t), t)dt = ε

∫ φi−1/2

0

Fx(s, τi)√
2F (s, τi)

ds + O(ε2) + O(εFi−1| ln Fi−1|).

To estimate
∫ τi

zi−1/2
Fxdt, we first note that the integral is O(ε) since |τi−zi−1/2| =

O(ε). This implies that Fi = Fi−1 + O(ε). An induction then gives us Fj = O(ε)
for all j = l, · · · , k. Consequently ui = φ∗(τi) + O(ε). We next show that

(17)
∫ τi

zi−1/2

Fx(u(t), t)dt = ε

∫ φ∗
i

φi−1/2

Fx(s, τi)√
2F (s, τi)

ds + O(ε2).
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We first note that, for t ∈ [zi−1/2, τi], G(u, ui, t) ∝ (ui − u), Fx(u, t) = Fx(u, τi) +
O(ε) and G(u, ui, t) = G(u, ui, τi)[1 + O(ε)]. It then follows that∫ τi

zi−1/2

Fx(u(t), t)dt = ε

∫ ui

ui−1/2

Fx(s, τi)√
2G(s, ui, τi)

ds + O(ε2).

Now letting ŝ = s + φ∗
i − ui yields∫ τi

zi−1/2

Fx(u(t), t)dt = ε

∫ φ∗
i

ui−1/2+φ∗
i −ui

Fx(ŝ − φ∗
i + ui, τi)√

2G(ŝ − φ∗
i + ui, ui, τi)

dŝ + O(ε2).

Note that Fx(ŝ−φ∗
i +ui, τi) = Fx(ŝ, τi)+O(ε), G(ŝ−φ∗

i +ui, ui, τi) = G(ŝ, φ∗
i , τi) =

[1 + O(ε)]F (ŝ, τi) and ui−1/2 = φi−1/2. We have∫ τi

zi−1/2

Fx(u(t), t)dt = ε

∫ φ∗
i

φi−1/2

Fx(ŝ, τi)√
2F (ŝ, τi)

dŝ

+ ε

∫ φi−1/2

φi−1/2+φ∗
i −ui

Fx(ŝ, τi)√
2F (ŝ, τi)

dŝ + O(ε2),

and then (17) since∫ φi−1/2

φi−1/2+φ∗
i −ui

Fx(ŝ, τi)√
2F (ŝ, τi)

dŝ = O(|φ∗
i − ui|) = O(ε).

Therefore, we have Fi − Fi−1 = ε
∫ φ∗

i

0
Fx(s,τi)√
2F (s,τi)

ds + O(ε2 + εFi−1| ln Fi−1|) =

−εH(J(τi))S(τi) + O(ε2 + εFi−1| ln Fi−1|). The cases for Fi − Fi+1 and for J > η
can be similarly derived. This completes the proof. �

We now study a generic cluster away from ZJ .

4.1. Interior single spike. Suppose 0 ≤ l and k = l + 2 ≤ n. Then Fl = Fl+2 =
O(e−c/

√
ε), so that by (16),

2εH(J(τl+1))S(τl+1) = Fl − Fl+2 + O(ε2 + εFl| ln Fl| + εFl+2| ln Fl+2|) = O(ε2).

Therefore, we must have

S(τl+1) = O(ε), Fl+1 = O(ε2).

This implies that there exists z∗ ∈ [a, b] such that S(z∗) = 0 and τl+1 = z∗ + O(ε).
In addition, since u is even about a and b, we must have z∗ ∈ (a, b).

4.2. Interior multiple spikes. Next we consider the case 0 ≤ l and l+2 < k ≤ n.
One can proceed step by step to derive the following:

1) Fi = O(ε) for all i = l, · · · , k. Consequently, τi+1 − τi � ε for all i =
l, · · · , k − 1.

2) There must hold |S(τl+2m−1)| < 2
√

ε for all m = 1, · · · , (k − l)/2. Indeed, if
S(τl+2m−1) > 2

√
ε, then S(x) >

√
ε in [τl+2m−1−ε3/4, τl+2m−1+ε3/4]. This implies,

by an induction, that F (τl+2m+i) > ε3/2 and τl+2m+i+1 − τl+2m+i ≤ Cε| ln ε| for
i = 1, 2, · · · all the way up to τl+2m+i+1 − τl+2m > ε3/4. Hence, u will have
at least ε3/4/(Cε| ln ε|) oscillations, contradicting our assumption that u ∈ SN,ε.
Similarly, we can exclude the case S(τl+2m−1) < −2

√
ε. Hence, we must have

|S(τl+2m−1)| < 2
√

ε for all m = 1, · · · , (k − l)/2. Hence, there exists z∗ ∈ [a, b]
such that S(z∗) = 0 and τi = z∗ + O(

√
ε) for all i = 1 + 1, · · · , k − 1. As 0 ≤ l and

k ≤ n, we must have z∗ ∈ (a, b).
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For definiteness, we assume that J(z∗) < −η, so that fl+2m−1 < 0 for m =
1, · · · , (k − l)/2.

3) From Step 2 and (16), we see that Fi = O(ε3/2) for all i = l, · · · , k. Conse-
quently,⎧⎨
⎩

Fl+2m − Fl+2m−1 = εS(τl+2m−1) + O(ε2),
Fl+2m−1 − Fl+2m−2 = εS(τl+2m−1) + O(ε2),
Fl+2m − Fl+2m−2 = 2εS(τl+2m−1) + O(ε2)

∀m = 1, · · · , (k − l)/2.

From this, we conclude that Ṡ(z∗) < 0, i.e., J(z∗)Ṡ(z∗) > 0, since 0 < Fl+2 +
Fk−2 = 2εS(τl+1) − 2εS(τk−1) + O(ε2) = {o(1) − 2Ṡ(z∗)}ε(τk−1 − τl+1) (recalling
τi+1 − τi � ε).

4) For all m = 1, · · · , (k − l)/2 − 1,

0 < Fl+2m+2 + Fl+2m−2 = 2Fl+2m + 2ε{S(τl+2m+1) − S(τl+2m−1}) + O(ε2)

= 2Fl+2m + 2ε[Ṡ(z∗) + o(1)](τl+2m+1 − τl+2m−1).

It then follows that Fl+2m � ε2 for all m = 1, · · · , (k − l)/2 − 1, since Ṡ(z∗) < 0.
Once we know ε2 < Fl+2m, we can conclude from (15) that |τl+2m±1 − τl+2m| ≤

Cε| ln ε| and Fl+2m+2+Fl+2m−2−2Fl+2m = O(ε2| ln ε|). The “boundary condition”
Fl, Fk = O(e−1/

√
ε) then gives us Fl+2m = O(ε2 ln ε) for all m = 0, · · · , (k − l)/2.

5) From ε2 < Fl+2m < O(1)ε2| ln ε|, i.e., | ln Fl+2m| = {1 + o(1)}2| ln ε| for all
m = 1, · · · , k/2 − 1, we derive from (15) that τi+1 − τi = { 1

α∗ + o(1)}ε| ln ε| for all
i = 1 + 1, · · · , k − 2, where α∗ =

√
fu(0, z∗) (=

√
fu(φ0(z∗), z∗)).

6) From step 5), we see that

Fl+2m+2 + Fl+2m−2 − 2Fl+2m = 2ε{S(τl+2m+1) − S(τl+2m−1)} + O(ε2)

= { 4
α∗ Ṡ(z∗) + o(1)}ε2| ln ε|

for m = 1, · · · , (k − l − 2)/2. Using Fl, Fk = O(e−c/
√

ε) we then conclude that
(18)

Fi =

{
{ (k−i)(i−l)

2α∗ |Ṡ(z∗)| + o(1) }ε2| ln ε|, i = l, l + 2, · · · , k,

{ (k−i)(i−l)−1
2α∗ |Ṡ(z∗)| + o(1) }ε2| ln ε|, i = l + 1, l + 3, · · · , k − 1.

Consequently, using Fl+2 = 2εS(τl+1) + O(ε2) = 2ε{o(1) + S(z∗)}(τl+1 − z∗) +
O(ε2) we then conclude that

(19) τi = z∗ + { 2i−(k+l)
2α∗ + o(1)}ε| ln ε|, i = l + 1, · · · , k − 1.

4.3. Boundary spikes. Finally we consider the case l = −k.
Suppose S(a) = 0. Then S(·) is C1 in a neighborhood of a since S is an odd

function. Hence, the same conclusion as for the interior spikes holds.
Suppose S(a) �= 0. From Lemma 4.1 and Fk = O(e−1/

√
ε) we then derive that

(20)
{

Fi = ε(k − i)H(J(a))S(a) + O(ε2| ln ε|),
τi = a + { i

2α∗ + o(1)}ε| ln ε| ∀ i = 0, · · · , k − 1,

where α∗ =
√

fu(φ0(a), a), a). One notes that if k ≥ 2, we must have J(a)S(a) > 0.
(The analogous relation at b is Fi = ε(l−i)H(J(b))S(b)+O(ε2| ln ε|) for i = l, · · · , n
and J(b)S(b) < 0 when l ≤ n − 2.)
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In summary, we have the following theorem.

Theorem 3. Assume (2), (4), and (5). Let N be fixed, and let δ∗ and ε∗ be as in
Theorem 2. Then there exist ε̃∗ ∈ (0, ε∗] such that the following is true.

Let u ∈ SN,ε with ε ∈ (0, ε̃∗], and let (τl, τk) be an interval with a cluster such
that [zl+1/2, zk−1/2]∩ [z− δ∗, z + δ∗] is empty for all z ∈ ZJ . Then k− l is even and
there exists z∗ ∈ ZS such that u(τl) = φ0(z∗) + O(e−1/

√
ε) and u(τk) = φ0(z∗) +

O(e−1/
√

ε). In addition,
(i) if k−l = 2, then τl+1 = z∗+O(ε), ul+1 = φ∗(τl+1)+O(ε2), and Fl+1 = O(ε2);
(ii) if z∗ ∈ (a, b) and k − l > 2, then J(z∗)Ṡ(z∗) > 0 = S(z∗), and (18) and

(19)) hold;
(iii) if z∗ = a and k = −l > 1, then either S(a) = 0 < J(a)Ṡ(a) and (18) and

(19) hold or J(a)S(a+) > 0 and (20) holds;
(vii) if z∗ = b and k = 2n − l > n + 1 , then either J(b)Ṡ(b) > 0 = S(b) or

J(b)S(b−) < 0 and analogous to (18), and (19) or (20) holds.

Clearly, Theorem 1 follows from Theorems 2 and 3.

Part II: Existence

Existence of solutions with the properties above, specifically, solutions in SN,ε

with arbitrarily prescribed numbers of layers and spikes at the places allowed by
Theorem 1, will be proved using a shooting technique and induction. We will start
with an interval [0, L] and then observe that the technique can be extended to a
function f (u, x) with appropriate properties defined on (−∞,∞). This is possible
because all of the estimates used in the proof of Theorem 1 are local.

For convenience, we assume that, for some positive constant M ,

‖f‖C2([0,1]×R) + ‖φ‖C2(R) ≤ M,

fu(0, x) ≥ 1
M , fu(1, x) > 1

M , 1 − 1
M ≥ φ(x) ≥ 1

M ∀x ∈ R,

J2(x) + J̇2(x) ≥ 1
M , S2(x) + Ṡ2(x) > 1

M ∀x ∈ R.

We let Z = {ξ > 0 | J(ξ) = 0 or S(ξ) = 0} = {ξi}∞i=1, where ξi < ξi+1 for
all i. Since J(ξ) = 0 < |J̇(ξ)| implies |S(ξ)| = ∞, the roots of J = 0 and S = 0
are distinct. We choose δ > 0 such that ξi+1 − ξi > 6δ for all i ≥ 1. Note that δ
depends only on M .

For L ∈ (0,∞) ∪ {∞}, we consider

ε2ü = f(u, x) for x ∈ (0, L), u̇(0) = 0 = u̇(L).(21)

In the sequel, an oscillation refers to a critical point of u̇ (roots to u = φ). There
are two types of oscillations: layers and spikes. A spike contains two oscillations.
If boundary oscillations at ξ0 := 0 are required, we shall assume that ξ1 > 6δ.
Similarly, if boundary oscillations at L are required, we assume that either L ∈ Z
or dist(L, Z) ≥ 6δ. We now state our existence theorem.

Theorem 4. Suppose that N > 0 is an integer and δ > 0 is a small constant.
Then there is an ε0 = ε0(N, M, δ) > 0 such that if 0 < ε < ε0, k is either a
positive integer or k = ∞, {σi}k+1

i=0 is an arbitrary sequence of the integers from
{0, · · · , N}, and L ∈ (ξk + 2δ,∞) ∪ {∞} is an arbitrary constant, then there is a
solution of (21) with a cluster of exactly σi oscillations in (ξi −

√
ε, ξi +

√
ε) for
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i = 1, · · · , k, provided that this combination of oscillations is allowed by Theorem
1. Further if ξ1 ≥ 6δ, there will be σ0 boundary oscillations at 0 and, if L < ∞
and either L ∈ Z or dist(L, Z) ≥ 6δ, there will be σk+1 boundary oscillations at
L, depending on which of these is allowed by Theorem 1. There can be no other
oscillations in (0, L).

Remark 4.1. If J(ξi) = 0 < σi, then σi is odd and the corresponding oscillations in
(ξi −

√
ε, ξi +

√
ε) are layers. If S(ξi) = 0 < σi, then σi is even and the oscillations

are spikes. Similarly, the boundary oscillations can be layers or spikes. A half spike
at 0 is a boundary spike with u(0) close to φ∗(0).

Remark 4.2. The theorem extends to solutions on R, where {ξ} and {σ} are replaced
by double-sided sequences {ξi}∞i=−∞ and {σ}∞i=−∞, respectively. The assertion
follow by two steps: (i) For each T > 0, apply Theorem 4 for solutions on the
interval [−T,∞) to obtain a solution uT with the desired number of oscillations
on (−T,∞). (ii) Along a sequence of Tj → ∞, (uTj (0), u̇Tj (0)) will have a limit.
Taking this limit as the initial value, we then obtain the desired solution.

5. A shooting argument

5.1. The shooting argument. We use ideas from [A, AH, HM] by considering
the initial value problem

ε2ü = f(u, x), u(0) = α, u̇(0) = 0,(22)

where α is the shooting parameter. Since the desired solutions take values in (0, 1),
f for large |u| can be modified to be uniformly bounded. Hence, (22) admits a
unique solution for all x ∈ R. If necessary, we write the solution as u(·, α).

A critical point of u is a point at which u̇ = 0; it is called non-degenerate if
ü �= 0 at the point. Similarly, since ü = 0 ⇔ u = φ, a critical point of u̇ is a point
at which u = φ (i.e., ü = 0); it is called non-degenerate if at the point u̇ �= φ̇. Note
that if τ̂ is a non-degenerate critical point of u(·, α̂), then by the Implicit Function
Theorem, u̇(τ, α) = 0 has a unique smooth solution τ = τ (α) with τ̂ = τ (α̂) for all
α close to α̂. A similar property holds also for solutions to u(z, α) − φ(z) = 0.

We let
µ = 1

2 inf
x≥0

min{|φ(x) − φ0(x)|, |φ(x) − φ∗(x)|}.

Lemma 5.1. Suppose N > 0. Then there is an ε0 > 0 such that if 0 < ε < ε0

and u is a solution of (22) with α ∈ (0, φ(0) − µ) ∪ (φ(0) + µ, 1) and with at most
N critical points in any subinterval of [0, X] of length less than δ, then all critical
points of u and u̇ in [0, X] are non-degenerate and interlace. In addition, if τm

is the last critical point of u in [0, X], then the first critical point zm+1/2 of u̇ in
(τm,∞) exists and is also non-degenerate.

Proof. From the formula

d

dx

(
ε2u̇2 − 2F (u, x)

)
= −2Fx (u, x)

we see that the change in F (u, x) between any two critical points of u in [0, X]
tends to zero as X → 0. This means that we can choose δ1 > 0 (independent of ε)
so small that if X ≤ δ1, then the conclusion of the lemma follows. If X > δ1, then
the result is implied by Lemma 2.1. �
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In the sequel, τ0 = 0 and the ith critical point of u(·, α) in (0,∞), if it exists, is
denoted by τi(α), whereas the ith critical point of u̇ is denoted by zi−1/2(α).

A crucial result in proving existence is the following extension of Lemma 4.1.

Lemma 5.2. Assume that u solves ε2ü = f(u, x) on R and z and τ are points such
that

u̇(τ ) = 0, u̇ < 0 on (τ, z], τ + δ < z, u(z) = φ(z), dist(z, Z) ≥ δ.

Then the following hold:
(a) If J(z) > 0 and S(z) < 0, then there are at least N critical points of u in

[z, z +
√

ε].
(b) If J(z) > 0 and S(z) > 0, then u has exactly one critical point (indeed the

only minimum) in (τ,∞), and it exceeds 1 after a finite x > z.
(c) If J(z) < 0, then u̇ < 0 in (τ,∞) and u becomes negative after a finite x > z.

Proof. The condition dist(z, Z) ≥ δ implies that J(z) and S(z) are bounded away
from 0, uniformly in ε. We set

K =
√
‖fu‖L∞ , ν := inf

x∈R,(1+φ(x))/2<s<1

√
f(s, x)
s − 1

> 0.

Following the proof of (8) in Lemma 2.3, we obtain

ε2u̇2(x) = [2 + O(ε)]G(u(x), u(τ ), x)

for all x ∈ [τ, z]. Since z − τ ≥ δ, a calculation similar to that for (9) then
gives u(τ ) = 1 − O(e−δν/ε). Hence, ε2u̇2(z) = 2G(φ(z), 1, z) + O(ε). Thus, by a
continuous dependence argument,

u(z + εy) = U(y) + O(ε)eK|y| ∀y ∈ R,(23)

where U is the unique solution to

U ′′(y) = f(U(y), z) ∀ y ∈ R, U(0) = φ(z), U ′(0) = −
√

2G(φ(z), 1, z).

Note that U ′2 = 2G(U, 1, z) = 2
∫ U

1
f(s, z)ds on R, U ′ < 0 on (−∞, 0], and

U(−∞) = 1.
Now suppose J(z) < 0. Then φ0(z) = 0 < φ(z) < φ∗(z) < 1 and G(v, 1, z) =∫ v

1
f(s, z)ds = −J(z) +

∫ v

0
f(s, z)ds ≥ |J(z)| for all v < φ(z). Thus, for T =∫ φ(z)

0
1√

2G(s,1,z)
ds, U(T ) = 0 and U ′ < 0 on (−∞, T ]. It then follows from (23)

that for some τ1 = z + ε[T + O(ε)], u(τ1) = 0 and u̇ < 0 in (τ, τ1]. This proves the
assertion (c).

Next, we consider the case J(z) > 0. In this case, we have 0 < φ∗(z) < φ(z) <
1 = φ0(z) and F (v, z) = G(v, 1, z) =

∫ v

1
f(s, z) ds for all v. In the rest of the proof,

we use F (v, x) =
∫ v

1
f(s, x)ds.

Setting T1 =
∫ φ(z)

φ∗(z)
1√

2F (s,z)
ds, we have U(T1) = φ∗(z), U ′(T1) = 0, U ′ < 0 in

(−∞, T1), and U is even about y = T1. From (23), there exists τ1 = z+ε[T1 +O(ε)]
such that

u̇ < 0 in (τ, τ1), u̇(τ1) = 0, u(τ1) = φ∗(z) + O(ε), ü(τ1) > 0.

Now we define

τ2 = sup{x > τ1 | u − 1 < 0 < u̇ in (τ1, x)} ∈ (τ1,∞) ∪ {∞}.
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Then either u̇(τ2) = 0 or u(τ2) = 1. Since U(y) = 1 − O(e−ν|y|) and U ′(y) > e−Ky

for y � 1, we see from (23) that τ2 > z + 1
2K+1ε| ln ε|.

Now let T =
√
| log ε|. Integrating d

dx ( 1
2ε2u̇2 − F (u, x)) = −Fx over (τ, τ2) we

obtain

1
2ε2u̇2(τ2) − F (u(τ2), τ2)=−F (u(τ ), τ ) −

{∫ z−εT

τ

+
∫ z+εT

z−εT

+
∫ τ2

z+εT

}
Fx(u(x), x)dx.

Recall that F (u(τ ), τ ) = O(e−νδ/ε). Also, using (23) we have∫ z+εT

z−εT

Fxdx = ε

∫ T

−T

{
Fx(U(y), z) + O(1)(u − U) + O(εy)

}
dy

= ε
{∫ T

−T

Fx(U, z)dy + O(ε)eKT
}

= ε{−2S(z) + O(e−νT ) + O(εeKT )}

since
∫
|y|>T

|Fx(U, z)|dy = O(e−νT ) and
∫

R
Fx(U(y), z)dy = 2

∫ φ0(z)

φ∗(z)
Fx(s,z)√
2F (s,z)

ds =

−2S(z).
In the interval [z + εT, τ2), we have − d

dx (ε2u̇2) = −2u̇f(u, x) ≥ 2ν2(1 − u)u̇.
Integrating over [x, τ2] we then obtain, for x ∈ [z + εT, τ2),

ε2u̇2(x) ≥ ε2u̇2(τ2) + 2ν2

∫ u(τ2)

u(x)

(1 − u)du ≥ ν2{(1 − u(x))2 − (1 − u(τ2))2}.

Thus, εu̇(x) ≥ ν
√

(1 − u(x))2 − (1 − u(τ2))2. Consequently, since |Fx(v, x)| =
O(1)(1 − v)2, we have the estimate∫ τ2

z+εT

|Fx|dx =
∫ u(τ2)

u(z+εT )

ε|Fx|√
ε2u̇2

du

≤ O(ε)
∫ u(τ2)

u(z+εT )

(1 − s)2√
(1 − s)2 − (1 − u(τ2))2

ds

= O(ε)[1 − u(z + εT )]2 = O(ε){e−νT + εeKT }.

In a similar manner, we can estimate
∫ z−εT

τ
|Fx|dx. Hence,

(24) 1
2ε2u̇2(τ2) − F (u(τ2), τ2) = ε

{
2S(z) + O(e−νδ/ε) + O(e−νT ) + εeKT

}
.

Now suppose, in addition to J(z) > 0, that S(z) > 0. Then the right–hand
side of (24) is positive. As either u̇(τ2) = 0 or F (u(τ2), τ2) = 0, we conclude that
τ2 < ∞, u̇(τ2) > 0, and u(τ2) = 1. This proves assertion (b) of the lemma.

Finally we consider the case J(z) > 0 > S(z). Then the right–hand side of (24)
is negative. From the definition of τ2, we then conclude that τ2 < ∞, u̇(τ2) = 0 and
u(τ2) < 1. Once we know the existence of τ2, we can then use the estimates (16) and
(15) to conclude that F (u(τ2), τ2) = −2εS(z) + O(ε2| ln ε|) and τ2 = z + O(ε| ln ε|).
Following the same argument, we can show that for each i = 3, · · · , N , there is a
τi = z + O(ε| ln ε|) such that u̇(τi) = 0 and F (u(τi), τi) = −iεS(z) + O(ε2| ln ε|).
This proves assertion (a), and also completes the proof of the lemma. �
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6. An induction argument

Set ξ0 = 0. For each k ≥ 0 such that σk > 0, we shall prove by induction the
following.

Induction hypothesis. There exists an open interval Ik such that for each α ∈ Ik,
u(·, α) has at least m :=

∑k
i=0 σi critical points in (0,∞), τm(α) > ξk +2δ, and for

each i = 0, · · · , k, there are exactly σi critical points of u̇(·, α) in a
√

ε neighborhood
of ξi. In addition, τ (Ik) := {τm(α) | α ∈ Ik} = (ξk + 2δ,∞). Furthermore, using Ī
to denote the closure of a set I, we have Īk ⊂ Il for all integer l ∈ [0, k − 1] such
that σl > 0.

Here the
√

ε neighborhood of ξ0 means the interval [0,
√

ε]. Note that by Lemma
5.1, the hypothesis implies that all τi(α) and zi+1/2 for i = 0, · · · , m are continuous
functions of α ∈ Ik. In addition, τm(α) approaches ∞ as α approaches one of the
boundary points of Ik and approaches τm = ξk + 2δ at the other boundary point.
Also, taking α ∈ Īk such that L = τm(α) we obtain the assertion of the theorem,
without the boundary oscillation at L.

To start the induction, we need to distinguish two different cases: (i) σ0 > 0, so
the first cluster of oscillations is at the left boundary; and (ii) σ0 = 0, so that the
first cluster of oscillations is either interior or at the right boundary.

6.1. Left boundary oscillations. We start the proof of Theorem 4 by construct-
ing the desired number, σ := σ0 > 0, of boundary oscillations at x = 0. Working
on 1− u if necessary, we assume that 0 is a local maximum. Set α0 = φ(0)+ µ and
define

α+ = inf{α > α0 | There are fewer than σ critical points of u(·, α) in (0,∞)}.
Then α+ ≤ 1 since u̇ > 0 on (0,∞) for every α > 1. When α = α0, an easy phase
plane argument shows that for sufficiently small ε the solution u of (22) has at
least N oscillations in [0, δ]. Hence, α+ ∈ (α0, 1].

If α ∈ [α0, α
+), u(·, α) has at least σ critical points in (0,∞). Hence, by Lemma

5.1, τi(·) and zi+1/2(·), for all i = 0, 1, · · · , σ, are continuous functions on [α0, α
+).

Note that τσ(α0) < δ and limα↗α+ τσ(α) = ∞.
Set

α− = max{α ∈ [α0, α
+) | τσ(α) = 2δ}, I0 = (α−, α+).

Then τ (I0) := {τσ(α)|α ∈ I0} = (2δ,∞) and τσ(α−) = 2δ.
We claim that zσ−1/2(α) ≤

√
ε for all α ∈ I0 so that the induction hypothesis

for k = 0 holds (in the case σ0 > 0). By Theorem 1, it suffices to show that
zσ−1/2(α) < δ for all α ∈ [α0, α

+). Suppose this is not true. Then by continuity
there is an α̂ ∈ (α0, α

+) such that zσ−1/2(α̂) = δ. Since JS �= 0 in (0, 6δ], applying
Theorem 1 on interval [a, b] = [0, τσ(α̂)], we then conclude that τσ(α̂) < δ+

√
ε < 2δ.

Hence, u(·, α̂) admits boundary spikes at b.
From Theorem 1(i), the fact that the desired solution has σ boundary oscillations

implies that τσ is a local maxima if φ0(0+) = 1 and is a local minimum if φ0(0+) =
0. As φ0(0+) = φ0(x) for all x ∈ (0, 2δ], we see that the boundary spike at b cannot
be a half spike. Thus σ ≥ 2. Consequently, by Theorem 1(iii) we have JS < 0
in [b − δ, b]. On the other hand, the existence of a boundary cluster of σ0 spikes
at ξ0 = 0 implies JS > 0 in (0, δ]. As b < 2δ, we obtain a contradiction. This
contradiction shows that the claim is true.
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6.2. The first interior oscillation without boundary oscillations. In this
section we consider the case σ0 = 0. For convenience, we delete from the list {ξi}
those ξi for which σi = 0. Then σi > 0 for all i ≥ 1. Note that {ξi}∞i=1 becomes a
subset of Z.

We now prove the induction for k = 1 with σ0 = 0. We set σ := σ1 > 0.
Again, we assume 0 is a local maximum for the desired solution. By Lemma 5.1,
z1/2(·) exists and is continuous on [α0, 1). Note that limα↗1 z1/2(α) = ∞ and
z1/2(α0) < τ1(α0) = O(ε). We define

β− = max{α ∈ (α0, 1) | z1/2(α) = ξ1 − δ},
β+ = min{α > β− | z1/2(α) = ξ1 + δ}.

Then z1/2(α) ∈ (ξ1 − δ, ξ1 + δ) for all α ∈ (β1, β2), z1/2(β±) = ξ1 ± δ.
Since ξ1 ∈ Z, there are only three possibilities:
(i) J(ξ1) < 0.
(ii) Either J(ξ1) = 0 > J̇(ξ1) or {J(ξ1) > 0 and S(ξ1) = 0 < Ṡ(ξ1)}.
(iii) Either J(ξ1) = 0 < J̇(ξ1) or {J(ξ1) > 0 and S(ξ1) = 0 > Ṡ(ξ1)}.
We claim that (i) is impossible. Indeed, suppose it were true. Then φ0 = 0 in

[ξ1−2δ, ξ1 +2δ], so that there can only be upward spikes near ξ1. Since the solution
we are looking for has no other boundary or interior oscillations before ξ1, 0 = τ0

must be a local minimum, contradicting our assumption that 0 is a local maximum.
Next we consider case (ii). Then in [ξ1 − 2δ, ξ1), J > 0 and φ0 = 1. Using (7)

if necessary we see that JS < 0 in [ξ1 − 2δ, ξ1) and JS > 0 in (ξ1, ξ1 + 2δ]. Hence,
Theorem 1 allows either any odd number of layers near ξ1 or an arbitrary integer
number of spikes near ξ1.

Applying Lemma 5.2(a) for τ = 0, z = ξ1 − δ, and u = u(·, β−), we see that
u(·, β−) has at least N oscillations in [ξ1 − δ, ξ1).

Note that σ ≥ 1 if J(ξ1) = 0 and σ ≥ 2 if S(ξ1) = 0. For u = u(·, β+), τ = 0,
and z = ξ1 + δ, we can apply Lemma 5.2(b) in the case S(ξ1) = 0 and part (c)
in the case J(ξ1) = 0 to conclude that u(·, β+) has fewer than σ critical points in
(0,∞).

We define

α+ = inf{α > β− | There are fewer than σ critical points of u(·, α) in (0,∞)}.

Then α+ ∈ (β−, β+). Also, for each α ∈ [β−, α+), u(·, α) has at least σ crit-
ical points in (0,∞) and τσ(·) is a continuous function over [β−, α+). Further,
limα↗α+ τσ(α) = ∞. Define

α− = max{α < α+ | τσ(α) = ξ1 + 2δ}, I1 = (α−, α+).

Then τσ(α−) = ξ1 + 2δ and {τσ(α) | α ∈ I1} = (ξ1 + δ,∞).
Since I1 ⊂ (β−, β+), z1/2(α) > ξ1−δ for all α ∈ I1. Since JS > 0 in (ξ1, ξ1 +2δ],

following a similar argument as for the case σ0 > 0 we can show that zσ−1/2(α) <
ξ1 + δ for all α ∈ I1. An application of Theorem 1 for u(·, α) in (0, τσ(α)) then
gives us |zi−1/2(α) − ξ1| <

√
ε for all i = 1, · · · , σ. This validates the induction

hypothesis for k = 1 for the case (ii).
Finally we consider case (iii). Since 0 = τ0 is a local maximum and ξ1 is the first

desired place for an oscillation cluster, Theorem 1 implies that only a single layer
(σ = 1 when J(ξ1) = 0) or a single spike (σ = 2 when S(ξ1) = 0) is possible.
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We define

α− = sup{α < β+ | There are fewer than σ critical points of u(·, α) in (0,∞)}.
With τ = 0, z = ξ1 − δ, and u = u(·, β−), we can apply Lemma 5.2(b) for the case
S(ξ1) = 0 and (c) for the case J(ξ1) = 0 to conclude that u(·, β−) has fewer than
σ critical points in (0,∞). Hence, α− > β−.

Next, we show that α− < β+. For this, we set τ = 0, z = ξ1 + δ and consider
u(·, β+). If J(ξ1) = 0 (so that σ = 1), we see from (iii) that J(z) > 0 and from (7)
that S(z) > 0, so that Lemma 5.2(b) implies that u(·, β+) has a critical point. If
S(ξ1) = 0, we see from (iii) that J(z) > 0 and S(z) < 0, and Lemma 5.2(a) implies
that u(·, β+) has at least N critical points in [z, z + δ). In conclusion α− < β+.

Thus α− ∈ (β−, β+), and τσ(α) exists and is a continuous function on (α−, β+].
In addition limα↘α− τσ(α) = ∞. Set

α+ = min{α > α− | τσ(α) = ξ1 + 2δ}, I1 = (α−, α+).

Then τσ(α+) = ξ1 + 2δ and τσ(I1) = (ξ1 + 2δ,∞).
Since I1 ⊂ (β−, β+), |z1/2 − ξ1| ≤ δ for all α ∈ I1. If σ = 2, then τ1 is the peak

of a spike, so z3/2 − z1/2 = O(ε). After applying Theorem 1, we then conclude that
zi−1/2(α) is within an

√
ε neighborhood of ξ1 for i = 1 if σ = 1 and for i = 1, 2 if

σ = 2.

6.3. The induction from k = � to k = � + 1. Let � ≥ 0 be an arbitrary integer.
Assume that the induction hypothesis holds for k = �. We now show that it also
holds for k = � + 1. As mentioned earlier, we delete from {ξi} those ξi for which
σi = 0. Then σ
 > 0. We write m =

∑

i=0 σi, and σ = σ
+1. By working on 1 − u

if necessary, we assume that τm is a local maximum of the desired solution.
Let α̂ ∈ ∂I
 be that endpoint of the interval I
 satisfying τm(α̂) = T :=

ξ
 + 2δ. Let û = u(·, α̂). Since û attains a local maximum at T = τm(α),
zm+1/2(α̂) is finite. We now estimate zm+1/2(α̂). We have σ
 > 0 and |zm−1/2(α̂)−
ξ
| <

√
ε. By (9) with i = m, zm+1/2(α̂) = ξ
 + 4δ + O(δ2). As zm+1/2(α) >

τm(α) → ∞ as α approaches the other boundary point of I
, there exists an interval
(β−, β+) ⊂ I
 such that zm+1/2(α) ∈ (ξ
+1 − δ, ξ
+1 + δ) for all α ∈ (β−, β+), and
min{zm+1/2(β−), zm+1/2(β+)} = ξ
+1 − δ and max{zm+1/2(β−), zm+1/2(β+)} =
ξ
+1 + δ.

From here, we can follow a similar argument as in the preceding subsection to
show that the hypothesis for k = � + 1 is valid, thereby completing the induction.

6.4. Oscillations at the right boundary. Finally, we attach σ ≥ 1 oscillations at
the right boundary L. For simplicity, we assume that either L ∈ Z or dist(L, Z) ≥
6δ.

If the desired solution has no cluster of oscillations except at the right boundary,
then by reversing the x-axis, we can use the proof for the case σ0 > 0 to finish the
proof. Hence, we assume that there are other clusters of oscillations.

We assume that ξk is the last point of cluster of oscillation before L. Then
ξk ≤ L − 6δ. Set m =

∑k
i=0 ρk. By working on 1 − u if necessary, we can assume

that τm is a point of local maximum of the solution we are looking for. In order
to attach at least a boundary oscillation at L, it is necessary, by Theorem 1, to
have φ0(x) = 1 for all x ∈ [L − δ, L), i.e., J(x) > 0 in [L − δ, L). Following a
similar argument as in the preceding subsection, we can find (β−, β+) ∈ Ik such
that zm+1/2(·) maps (β−, β+) onto (L− δ, L + δ). For definiteness, we assume that
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zm+1/2(β∓) = L ∓ δ (the other situation zm+1/2(β∓) = L ± δ can be similarly
treated). There are two possibilities: (i) S(L − δ) < 0 and (ii) S(L − δ) > 0.

Suppose (i) S(L−δ) < 0. Since J > 0 in [L−δ, L) and τ = τm(β−) = ξk +O(
√

ε)
is a local maximum of u(·, β−), we apply Lemma 5.2(a) with z = zm+1/2(β−) = L−δ

to conclude that u(·, β−) has at least N critical points in [z, z +
√

ε]. Hence,
τm+σ(β−) < L. Increasing α we then conclude there exists α∗ ∈ (β−, β+) such that
τm+σ(α∗) = L. As α∗ ∈ (β−, β+), zm+1/2(α∗) > L−δ so that zm+i−1/2 ∈ (L−δ, L)
for all i = 1, · · · , σ. Applying Theorem 1 to u(·, α∗), we see that it is the solution
we are looking for.

Next suppose (ii) S(L− δ) > 0. Then JS > 0 in [L − δ, L) so that, by Theorem
1(iii), the boundary oscillation attached is a half spike. Now consider u(·, β−).
Since φ∗(L−δ) ∈ (0, φ(L−δ)), we can derive from Lemma 5.2(b) that τm+1(β−) =
zm+1/2(β−) + O(ε) exists and u(τm+1(β), β−) = φ∗(L − δ) + O(ε) is the peak of a
spike. Gradually increasing α from β− to β+, we then see that there is an α∗ such
that τm+1(α∗) = L. As α∗ ∈ (β−, β+) ⊂ Ik, we can apply Theorem 1 to show that
u(·, α∗) is the solution we desired. This completes the proof of Theorem 4 in the
case k < ∞.

Finally, if k is ∞ in the theorem, then u(·, α) with α ∈
⋂∞

i=1 Īi is the desired
solution. This completes the proof of Theorem 4.

Part III: The Morse index

7. The Morse index and method of study

7.1. The Morse index. We now study the eigenvalue problem, for (λ, ψ),

− ε2ψ̈ + fu(u, x)ψ = λψ in I, ψ̇ = 0 on ∂I,(25)

where we assume that I = (a, b) is a bounded interval. Since all eigenvalues are real
and simple, we denote them, in order from small to large, by λ1, λ2, · · · .

Definition 2. The Morse index of a solution u to (1) is defined to be the number
of non-positive eigenvalues to (25).

Definition 3. A stable layer is an interval (τl, τl+1) with an interior cluster of a
single transition layer satisfying u̇l+1/2J̇(zl+1/2) < 0, or equivalently, 0 ≤ l ≤ n−1,

zl−1/2 +
√

ε < zl+1/2 < zl+3/2 −
√

ε, u̇l+1/2J̇(zl+1/2) < 0.

A semi-stable spike is an interval (τi−1, τi+1) with an interior cluster of a single
spike satisfying J(τi)Ṡ(τi) < 0, or equivalently, 1 ≤ i ≤ n − 1,

zi+1/2 − zi−1/2 ≤
√

ε < min{zi−1/2 − zi−3/2, zi+3/2 − zi+1/2}, J(τi)Ṡ(τi) < 0.

Theorem 5. Assume (2), (4) and (5). Let u ∈ SN,ε with ε sufficiently small.
Then the Morse index associated with u is equal to

n − nsl − nss,

where n is the total number of oscillations, nsl is the total number of stable layers
and nss is the total numbers of semi-stable spikes.
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7.2. A criterion. We will use the following lemma to study the Morse index for
our problem.

Lemma 7.1. Let w be the solution to

(26) ε2ẅ = fuw in I, w(a) = 1, ẇ(a) = 0.

(1) If ẇ(b) > 0 and there are no roots of w = 0 in (a, b), then λ1 > 0.
(2) If ẇ(b) �= 0 and for some k ≥ 1, either {w = 0 has k − 1 roots in (a, b)

and w(b)ẇ(b) ≤ 0} or {w = 0 has k roots in (a, b) and w(b)ẇ(b) > 0}, then
λk < 0 < λk+1.

(3) If ẇ(b) = 0 and w = 0 has k − 1 roots in (a, b), then λk = 0.

Proof. Let ψ(·, λ) be the solution to ε2ψ̈ = (fu−λ)ψ with initial values ψ(a, λ) = 1
and ψ̇(a, λ) = 0. Referring to the phase plane for (ψ, εψ̇) we let θ(x, λ) = arctan εψ̇

ψ .
Then

εθ̇ = (fu − λ) cos2 θ − sin2 θ in I, θ(a, λ) = 0.

It is easy to check that θ̇|θ= π
2 +
π < 0 for all integers � and that ∂

∂λθ < 0 for all x ∈ Ī
and λ ∈ R. Hence, for each integer � ≥ 1, θ(b, λ
)+(�−1)π = 0, θ(b, λ)+(�−1)π < 0
if λ
 < λ, and θ(b, λ) + (� − 1)π > 0 if λ < λ
. Note that θ(x, 0) = arctan εẇ

w .
Now in case (1), we have θ(b, 0) > 0 so that 0 < λ1. In case (2), we can see

that θ(b, 0) + (k − 1)π ∈ (−π, 0), so that λk < 0 < λk+1. In case (3), there holds
θ(b, 0) + (k − 1)π = 0 so λk = 0. �

7.3. Fundamental solution matrices. To study the solution w to (26), we will
often regard (26) as a system of two first order odes. Hence, we introduce vector
notation

w =
[
w
ẇ

]
, w̃ =

[
w
εẇ

]
= Pw, P =

[
1 0
0 ε

]
.

Definition 4. A 2× 2 matrix function Ψ(x, y) is called a fundamental solution
matrix if

Ψ̇(·, y) = AΨ, Ψ|x=y = I, where A :=
[

0 1
ε−2fu 0

]
.

Note that for all x, τ ∈ [a, b],

w(x) = Ψ(x, τ)w(τ ), w̃(x) = PΨ(x, τ)P−1w̃(τ ).

To find Ψ(x, a), we will decompose (a, b) into sub-intervals and use the following
properties for fundamental solution matrices:

Ψ(x, y) = Ψ−1(y, x) = Ψ(x, τ)Ψ(τ, y) ∀x, y, τ ∈ Ī.

In our application, τ will be a critical point of u. Hence, we define two linearly
independent solutions ω, ω1, piecewise, as the fundamental solution set in
each interval [zi−1/2 + 0, zi+1/2 − 0]:

(27)
{

ε2ω̈1 = fuω1, ε2ω̈ = fuω in Ii := [zi−1/2 + 0, zi+1/2 − 0],
ω1(τi) = ω̇(τi) = 1, ω̇1(τi) = ω(τi) = 0 ∀i.

One of the keys here is to study the jumps of ω̇
ω and ω1

ω across zi−1/2 for all i.
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Since ω1ω̇ − ω̇1ω ≡ 1 and Ψ(τi, x) = Ψ−1(x, τi),

Ψ(x, τi) =
[
ω1 ω
ω̇1 ω̇

]
= ω

{[
1
ω̇
ω

] [
ω1
ω 1

]
− 1

ω2

[
0 0
1 0

]}
,

Ψ(τi, x) =
[

ω̇ −ω
−ω̇1 ω1

]
= ω

{
1
ω2

[
0 0
1 0

]
−
[

1
−ω1

ω

] [
− ω̇

ω 1
]}

.

As one will see below, ω can be well approximated by u̇/ü(τi). Also both ω̇
ω and

εω1
ω can be accurately estimated and are of order one at x = zi±1/2. Hence, we

introduce

ρ(x) =
ω̇(x)
ω(x)

, γ(x) =
εω1(x)
ω(x)

, e1 =
[
1
0

]
, e2 =

[
0
1

]
,

n =
[
1
ρ

]
, n⊥ =

[
−ρ
1

]
, t =

[
γ
1

]
, t⊥ =

[
1
−γ

]
.(28)

We use the vector notation a⊗ b = abT , where a and b are column vectors and T

denotes transpose. Thus a ⊗ b is a 2 × 2 matrix. The formula (a ⊗ b) (c⊗ d) =
bT c (a ⊗ b) will be useful. We can write

Ψ(x, τi)P−1 =
ω

ε

{
n ⊗ t − ε

ω2
e2 ⊗ e1

}
,

PΨ(τi, x) = ω
{ ε

ω2
e2 ⊗ e1 − t⊥ ⊗ n⊥

}
.

To study transition layers, we will need the matrix PΨ(τi+1, τi)P−1. In com-
puting this we make use of the formulas e�1 · n− = 1, (n⊥

+)� · n− = ρ− − ρ+,
(n⊥

+)� · e2 = 1 and e�1 · e2 = 0. Letting ω± = ω(zi+1/2 ± 0), we find that

PΨ(τi+1, τi)P−1 = PΨ(τi+1, zi+1/2)Ψ(zi+1/2, τi)P−1

=
ω+ω−

ε

{
t⊥+ ⊗ t− [[ ρ ]]+− + t⊥+ ⊗ e1

ε

ω2
−

+
ε

ω2
+

e2 ⊗ t−
}

,
(29)

where [[ ρ ]]+− = ρ+ − ρ− stands for the jump of ρ across zi±1/2.
For spikes, we will need PΨ(τi+1, τi−1)P−1, where τi is the peak. Let ωR± =

ω(zi+1/2 ± 0) and ωL± = ω(zi−1/2 ± 0). Then

PΨ(τi+1, τi−1)P−1 = Mi

{
t⊥R+ ⊗ (a11tL− + a12e1) + e2 ⊗ (a21tL− + a22e1)

}
,

Mi =
ωR+ωR−ωL+ωL−

ε2
,

a11 = [[ ρ ]]R+
R− [[ γ ]]R−

L+ [[ ρ ]]L+
L− + ε

ω2
L+

[[ ρ ]]R+
R− + ε

ω2
R−

[[ ρ ]]L+
L−,

a12 = ε
ω2

L−

{
ε

ω2
R−

+ [[ ρ ]]R+
R− [[ γ ]]R−

L+

}
,(30)

a21 = ε
ω2

R+

{
ε

ω2
L+

+ [[ ρ ]]L+
L− [[ γ ]]R−

L+

}
,

a22 = ε2

ω2
L−ω2

R+
[[ γ ]]R−

L+ .

As we will see, at the first spike of an interior cluster a12 = O(e−1/
√

ε), so the sign
of w at τi+1 is determined by a11, the most difficult function to estimate. In the
end, we will show that a11 ∝ H(J(τi))Ṡ(τi) (g1 ∝ g2 means that 1

C ≤ g1
g2

≤ C for
some positive constant C independent of ε).

At a generic critical point τi of u, there are the following possibilities:
(i) f2

i ∝ 1 and Fi = O(ε) (or O(ε2| ln ε|)), i.e., τi is the peak of a spike;
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(ii) f2
i ∝ ε| ln ε|, i.e., τi is a valley within a cluster of transition layers;

(iii) f2
i ∝ ε, i.e., τi is the valley of neighboring boundary cluster of spikes near

S �= 0.
(iv) f2

i ∝ ε2| ln ε|, i.e., τi is the valley of neighboring spikes in a cluster near
S = 0;

(v) f2
i = O(e−1/

√
ε), i.e., τi is away from transition layers and spikes.

8. The fundamental solution set

In this section, we study the fundamental solution set (ω1, ω) defined in (27).

8.1. The function ω.

Lemma 8.1. Let ω be defined as in (27). Then for every i there is a C2 positive
function c on [zi−1/2 + 0, zi+1/2 − 0] such that in this interval,

ω(x) =
u̇(x)
ü(τi)

c(x) =
ε2u̇(x)

fi
c(x), c(x) =

α(τi)
α(x)

{
1 + O(ε)

}
,(31)

ε2u̇2(x)
ċ(x)
c(x)

= −Gx(u(x), ui, x)(32)

+
∫ x

τi

{
Gxx(u(t), ui, t) −

G2
x(u(t), ui, t)
ε2u̇2(t)

}
dt + O(ε2)ε2u̇2(x).

Proof. For definiteness, we consider the case when τi is a local minimum and x ∈
[τi, zi+1/2]. We divide the proof into several steps.

Step 1. Write ω(x) = u̇(x)
ü(τi)

c(x), differentiate twice and use (27) to obtain
ε2u̇c̈ + 2ε2ü = −fxc. Use of L’hôpital’s rule shows that c ∈ C2 and c(τi) = 1. Since
ε2u̇̈ = fuu̇ + fx we find that

ε2u̇2(x)ċ(x) = −
∫ x

τi

c(t) u̇(t) fx(u(t), t) dt.

Since |fx| = O(u),
∫ x

τi
u̇|fx|dt = O(1)(u2 − u2

i ) = O(1)ε2u̇2. Thus, |ċ(x)| ≤
O(1) maxt∈[τi,x] |c(t)|. A Gronwall’s inequality then gives us max

t∈[τi,zi+1/2]
{|c(t)| +

|ċ(t)|} = O(1).
Step 2. Write u̇(t) fx(u(t), t) = d

dtGx(u(t), ui, t) − Gxx(u(t), ui, t). Integration
by parts gives

ε2u̇2ċ = −c Gx +
∫ x

τi

{
c Gxx + ċ Gx

}
dt,

where G = G(u(t), ui, t). Divide by ε2u̇2, substitute the result for ċ in the integral,
and we get

ε2u̇2ċ = −c Gx +
∫ x

τi

c
{

Gxx − G2
x

ε2u̇2

}
dt + R1(33)

= c

{
−Gx +

∫ x

τi

{
Gxx − G2

x

ε2u̇2

}
dt

}
+ R1 + R2,
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where

R1 =
∫ x

τi

Gx

ε2u̇2

∫ t

τi

[c Gxx + ċ Gx]dξ dt,

R2 = −
∫ x

τi

ċ

∫ t

τi

{
Gxx − G2

x

ε2u̇2

}
dξ dt.

Using the boundedness of c and ċ, the fact that

| ∂k

∂xk
G(u, ui, x)| = |

∫ u

ui

∂k

∂xk
f(s, x)ds| = O(1)(u2 − u2

i ) = O(1)ε2u̇2

and that |dx| = O(ε)du√
u2−u2

i

, we then see that

|R1(x)| ≤ O(ε2)
∫ u(x)

ui

v2 − u2
i

(v2 − u2
i )3/2

dv

∫ v

ui

s2 − u2
i

(s2 − u2
i )1/2

ds

= O(ε2)(u2 − u2
i ) = O(ε2)ε2u̇2.

Similarly we have |R2| = O(ε2)ε2u̇2.
Step 3. By the same estimate as for R1, the integral in (32) is bounded by

O(ε)ε2u̇2. From the estimates above on Gx and Gxx we obtain from (33) that

ċ = c

{
− Gx

ε2u̇2
+ O (ε)

}
+ O
(
ε2
)
.

Note that, for x sufficiently close to τi, u > 0 is sufficiently small, and so

Gx =
∫ u

ui

(fxu(0, x)s + O(s2))ds = { 1
2fxu(0, x) + O(u)}(u2 − u2

i )

and
ε2u̇2 = 2[1 + O(ε)]G = [fu(0, x) + O(ε) + O(u)](u2 − u2

i ),

and so
Gx

ε2u̇2
=

fxu (0, x)
2fu (0, x)

+ O (ε) + O (u) .

Since |Gx|
ε2u̇2 = O(1) and |fxu(0,x)|

|fu(0,x)| = O(1) on
[
τi, zi+1/2

]
, we see that this estimate

holds on this entire interval. It then follows that

ċ = c
{
− fxu(0, x)

2fu(0, x)
+ O(ε) + O(u)

}
+ O(ε2).

Solving this “linear” equation we then obtain (31) since α(x) =
√

fu(0, x), c(τi) =

1,
∫ x

τi
u dt = O(ε) and exp(−

∫ x

τi

fux(0,t)
2fu(0,t)dt) =

√
fu(0,τi)
fu(0,x) .

Since α has a positive lower bound, it follows from (31) that c also has a positive
lower bound. Then dividing (33) by c we get (32). This completes the proof.

8.2. The function w1.

Lemma 8.2. Let ω1 be the solution to (27). Then the following hold:
(i) If fi := f(ui, τi) = o(1), then w1 > 0 in [zi−1/2, zi+1/2] and

εω1

ω

∣∣∣
x=zi±1/2∓0

= ±αi + O(ε) + O(fi).(34)
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(ii) If zi+1/2 − zi−1/2 = O(ε) and Fi = O(ε), i.e., τi is the peak of a spike, then

(35)
εω1

ω

∣∣∣
x=zi±1/2∓0

= ±|fi|
{ 1√

2F (φi, τi)
−
∫ φ∗

i

φi

f(s, τi) − f(φ∗
i , τi)

(2F (s, τi))3/2
ds
}

+ O(ε).

Proof. We first derive an integral equation for ω1 on [zi−1/2, zi+1/2]. Since ω̇1ω −
ω̇ω1 = −1, ω̇(τi) = 1 and ω(x) �= 0 for x �= τi, we have d

dx (ω1/ω) = −1/ω2 for
x �= τi, and so

d

dx

ω1 − 1
ω

=
d

dx
(
ω1

ω
) − d

dx
(
1
ω

) =
ω̇ − 1
ω2

=
ω̇ − ω̇(τi)

ω2
.

Hence, for τ, x ∈ [zi−1/2, τi) or τ, x ∈ (τi, zi+1/2],

ω1(x) − 1
ω(x)

=
ω1(τ ) − 1

ω(τ )
+
∫ x

τ

ω̇(t) − ω̇(τi)
ω2(t)

dt.

Note that

lim
τ→τi

ω1(τ ) − 1
ω(τ )

= lim
τ→τi

ω̇1(τ )
ω̇(τ )

= 0, lim
τ→τi

ω̇(τ ) − 1
ω2(τ )

= lim
τ→τi

ω̈(τ )
2ω(τ )ω̇(τ )

=
fu(ui, τi)

2ε2
.

Then, sending τ → τi in the above equation leads to, for x ∈ [zi−1/2, zi+1/2],

ω1(x) = 1 + ω(x)
∫ x

τi

ω̇(t) − ω̇(τi)
ω2(t)

dt.

For definiteness, we consider the case when τi is a local minimum and x ∈
(τi, zi+1/2). Then ω̇(t) − ω̇(τi) =

∫ t

τi
ω̈(η)dη = ε−2

∫ t

τi
fuωdη. Using ω = ε2u̇

fi
c,

c(η) = 1 + O(ε + η − τi), and fu(u, η) = fu(u, τi) + O(η − τi), we then have

ω̇(t) − ω̇(τi) =
1
fi

∫ t

τi

{u̇fu(u, τi) + u̇O(ε + η − τi)}dη

=
1
fi

{
f(u, τi) − fi + O(ε + t − τi)(u − ui)

}
,

∫ x

τi

ω̇ − ω̇(τi)
ω2

dt =
H(u̇) fi

ε

∫ u(x)

ui

f(u, τi) − fi + O(ε + t − τi)(u − ui)
[1 + O(ε)][2G(u, ui, t)]3/2

du(t).

Case (i): fi = o(1). We use G(u, ui, t)−1 = G(u, ui, τi)−1[1 + O(|t − τi|)] and

[2G(u, ui, τi)]−3/2 = {fu(0, τi)(u2 − u2
i )}−3/2

{
1 − fuu(0,τi)

2fu(0,τi)

u2 + uui + u2
i

u + ui
+ O(u2)},

f(u, τi) − fi = fu(0, τi)(u − ui)
{
1 + fuu(0,τi)

2fu(0,τi)
(u + ui) + O(u2)

}
.

Also using |t − τi| = O(ε) ln(u/ui) we obtain

∫ x

τi

ω̇ − ω̇(τi)
ω2

dt =
H(u̇) fi

ε

∫ u(x)

ui

1 + fuu(0,τi)
2fu(0,τi)

uui

u+ui
+ O(u2) + O(ε) lnu/ui√

fu(0, τi)(u + ui)(u2 − u2
i )1/2

du

=
H(u̇)fi

εαiui

∫ u/ui

1

1 + O(1) s
1+sui + O(1)s2u2

i + O(ε) ln s

(1 + s)
√

s2 − 1
ds

=
H(u̇)fi

εαiui

{∫ u/ui

1

ds

(1 + s)
√

s2 − 1
ds + O(ε) + O(ui)

}
.
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Since
∫∞
1

1
(1+s)

√
s2−1

ds = 1, we then obtain

εω1

ω

∣∣∣
x=zi±1/2

=
[1 + O(ε)]fi

εu̇
+

H(u̇)fi

αiui

{
1 + O(fi) + O(ε)

}
= ±αi + O(fi) + O(ε)

since fi = α2
i ui + O(u2

i ). The assertion (34) thus follows.
Case (ii): Fi = O(ε) and zi+1/2 − zi−1/2 = O(ε). Then since G(·, ui, t) vanishes

linearly at ui,

εω1

ω
=

[1 + O(ε)]fi

εu̇
+ H(u̇)fi

∫ u(x)

ui

f(u, τi) − fi

[2G(u, ui, t)]3/2
du(t) + O(ε).

Using G(s, ui, t) = [1 + O(ε)]G(s, ui, τi), ui − φ∗
i = O(ε), the change of variables

ŝ = s + φ∗
i − ui and the fact that G(s, ui, τi) = [1 + O(ε)]G(ŝ, φ∗

i , τi) ∝ ŝ − φ∗
i and

f(s, τi) − f(ui, τi) = f(ŝ, τi) − f(φ∗
i , τi) + O(ε)(ŝ − φ∗

i ), we then have∫ u(x)

ui

f(u, τi) − fi

[2G(u, ui, t)]3/2
du(t) =

∫ u(x)+φ∗
i −ui

φ∗
i

f(ŝ, τi) − f(φ∗
i , τi)

[2G(ŝ, φ∗
i , τi)]3/2

dŝ + O(ε).

Finally, noting that F (s, τi) = G(s, φ∗
i , τi) and εu̇ = H(u̇)[1+O(ε)]

√
2G(u, ui, x) =

H(u̇)[1+O(ε)]
√

2F (u, τi) if x = zi±1/2, and also H(u̇i+1/2) = H(fi), we then obtain
the assertion (35).

The case when u(τi) is a local maximum can also be similarly treated. �

8.3. Basic estimates on the number of roots of w = 0.

Lemma 8.3. Let ψ be a solution to ε2ψ̈ = fuψ.
(i) For each i, there exist at most two roots of ψ = 0 in [τi, τi+1].
(ii) If fi = o(1) and ψ(τi)ψ̇(τi) ≥ 0, then ψ = 0 has at most one root in (τi, τi+1].
(iii) If f2

i ∝ 1, then ψ = 0 has at least one root in (τi−1, τi+1), and at most three
roots in [τi−1, τi+1].

Proof. (i) Note that ω �= 0 in (τi, zi+1/2 − 0] and [zi+1/2 + 0, τi+1). Hence, by the
Liouville theorem, ψ = 0 can have at most two roots in [τi, τi+1] for all i.

(ii) When fi = o(1), we have, for all x ∈ (τi, zi+1/2], ω(x) > 0, ω1(x) > 0 and
ψ(x) = ψ(τi)ω1(x) + ψ̇(τi)ω(x) �= 0. The proof of (i) shows that ψ = 0 can have at
most one root in (zi+1/2, τi+1]. Thus, ψ = 0 has at most one root in (τi, τi+1].

(iii) First consider the case when ψ(τi−1) = 0 and ψ̇(τi−1) = εü(τi−1). Then
ψ
εu̇ = c = (1 + O(ε))α(τi−1)

α(x) and εψ̇ = O(ε) at zi−1/2. As the length of the interval
[zi−1/2, zi+1/2] is of order ε, we use a stretched variable y = (x − τi)/ε and set
V (y) = εu̇i−1/2

ψ(zi−1/2)
ψ (x) and V1 (y) = εu̇ (x). We find that V ′′ (y) = fu (u (x) , x)V (y)

and V ′′
1 (y) = fu (u (x) , x)V1 (y) + O (ε) . Then, a regular perturbation argument

shows that V (y) = V1(y) + O(ε) for y ∈ [(zi−1/2 − τi)/ε, (zi+1/2 − τi)/ε], and

so ψ = ψ(zi−1/2)

εu̇i−1/2
[εu̇ + O(ε)] in [zi−1/2, zi+1/2]. This implies that in the interval

(τi−1, zi+1/2], ψ = 0 has exactly one root at ξ = τi + O(ε2). As ψ = 0 can have
at most one root in [zi+1/2, τi+1], we see that ψ = 0 has at most two roots in
(τi−1, τi+1].

Now suppose that ψ is a generic solution. Then, by the Liouville theorem, ψ = 0
can have at most three roots in [τi−1, τi+1], and there is exactly one root in (τi−1, ξ].
This completes the proof. �
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9. The Morse index for layered solutions

We first consider a cluster of layers. For convenience, if (τ−k, τk) (or (τl, τ2n−l))
is an interval with a boundary cluster, we say that (τ0, τk) (or (τl, τn)) is an interval
with a boundary cluster.

Theorem 6. Assume that (τl, τk) ⊂ (a, b) is an interval with a cluster of layers. Let
w be the solution to (26) and assume that w(τl)ẇ(τl) ≥ 0. Then, w(τk)ẇ(τk) > 0
except for k = n. Also, the following hold:

(i) If (τl, τk) is a boundary cluster at a, or an interior cluster with multiple
layers, or an interior cluster with a single layer with u̇l+1/2J̇(zl+1/2) > 0, then
w = 0 has exactly k − l roots in (τl, τk) and

(36)
εẇ(τk)
w(τk)

= αk + o(1).

(ii) If (τl, τk) with k = l + 1 is an interval with an interior cluster of a single
layer with J̇(zl+1/2)u̇l+1/2 < 0, then w = 0 has no root in (τl, τl+1) and (36) holds.

(iii) If (τl, τk) = (τl, b) is a boundary cluster at b, then one of the following
alternative holds:

either w = 0 has n − l roots in (τl, b) and w(b)ẇ(b) > 0
or w = 0 has n − l − 1 roots in (τl, b) and w(b)ẇ(b) ≤ 0, ẇ(b) �= 0.

(37)

9.1. The matrix PΨ(τi+1, τi)P−1. Assume that for j = i and i+1, f2
j = µjε| ln ε|,

where either µj ∝ 1 or µj = O(e−1/
√

ε). We find an asymptotic expansion for
PΨ(τi+1, τi)P−1 given by (29).

First of all, by (34) and the definition of t and t⊥ in (28),

t⊥+ =
[

1
αi+1

]
+ O(

√
ε| ln ε|), t− =

[
αi

1

]
+ O(

√
ε| ln ε|).

Note that for t⊥+, we need εω1
ω at z(i+1)− 1

2
+ 0, so that the minus sign is chosen on

the right side of (34) .
Next, at x = zi+1/2, ü = 0 so that ρ = ω̇

ω = ċ
c . Thus by (32) where the integral

is O(ε), and (31),

ε2u̇2
i+1/2[[ ρ ]]+− = Gx(φi+1/2, ui, zi+1/2) − Gx(φi+1/2, ui+1, zi+1/2) + O(ε)

=
∫ ui+1

ui

fx(s, zi+1/2)ds + O(ε)

= H(u̇i+1/2)J̇(zi+1/2) + O(u2
i ) + O(u2

i−1) + O(ε)

= H(u̇i+1/2)J̇(zi+1/2) + O(ε| ln ε|),
ε3u̇2

i+1/2

ω2
−

=
ε3u̇2

i+1/2f
2
i

ε4u̇2
i+1/2c

2(zi+1/2 − 0)
= µi| ln ε| + O(ε| ln ε|2),

ε3u̇2
i+1/2

ω2
+

=
ε3u̇2

i+1/2f
2
i

ε4u̇2
i+1/2c

2(zi+1/2 + 0)
= µi+1| ln ε| + O(ε| ln ε|2),

where we have used the fact that c(zi+1/2) = 1+O(τj − zi+1/2) (j = i or i+1) and
either |τj − zi+1/2| = O(ε| ln ε|) or fj = O(e−1/

√
ε).
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Hence, it follows from (29) that

PΨ(τi+1, τi)P−1 = −r

{[
1

αi+1

] [
µi 0

]
+
[

0
µi+1

] [
αi 1

]
+ H(u̇i+1/2)J̇(zi+1/2)

| ln ε|

[
1

αi+1

] [
αi 1

]
+ O(

√
ε| ln ε|)

}
,

(38)

where

r = −ω−ω+| ln ε|
ε3u̇2

i+1/2

.

Since ω−ω+ =
ε4u̇2

i+1/2

fifi+1
c(zi+1/2 − 0)c(zi+1/2 + 0) < 0, we have r > 0.

9.2. Boundary layers at a. Suppose that (τ0, τk) is an interval with a cluster of
boundary layers. Then µi ∝ 1 for i = 0, · · · , k − 1 and µk = O(e−1/

√
ε). Using

w(a) = 1, ẇ(a) = 0 and (38), we inductively derive that

w̃(τi) = (−1)i|w(τi)|
[

1
νi + o(1)

]

for i = 0, · · · , k, where νi is inductively calculated by

ν0 = 0, νi+1 = αi+1 +
µi+1

µi
(αi + νi) > 0 ∀ i = 0, · · · , k − 1.

In particular, νk = αk + O(e−
√

ε). Therefore, we conclude that:
(i) (−1)iw(τi) > 0, (−1)iẇ(τi) > 0 for all i = 1, · · · , k,
(ii) w = 0 has exactly one root in each (τi, τi+1) for i = 0, · · · , k − 1, and
(iii) w = 0 has k roots in (a, τk] and (36) holds.

9.3. Interior single layer. Next we consider the case when (τl, τk) with k = l +1
is an interval with an interior cluster of a single layer. Then µl, µl+1 = O(e−1/

√
ε).

Using (38) and w(τl)ẇ(τl) ≥ 0 (so that H(αlwl + εẇl) = H(wl + ẇl)) we obtain

w̃(τl+1) = PΨ(τl+1, τl)P−1w̃(τl)

= −r
H(u̇l+1/2)J̇(zl+1/2)

| ln ε| (αlwl + εẇl)(1 + o(1))
[

1
αl+1 + o(1)

]

= (−1)s|w(τl+1)|
[

1
αl+1 + o(1)

]
H(wl + ẇl),

where s = 0 if u̇l+1/2J̇(zl+1/2) < 0 and s = 1 if u̇l+1/2J̇(zl+1/2) > 0. Hence, (36)
holds, and w = 0 has no root in (τl, τl+1] if u̇l+1/2J̇(zl+1/2) < 0, and w = 0 has
exactly one root in (τl, τl+1) if u̇l+1/2J̇(zl+1/2) > 0.

9.4. Interior multiple layers. Now we consider the case that (τl, τk) is an in-
terval with an interior cluster of multiple layers. Then k − l is odd and > 1,
u̇l+1/2J̇(zl+1/2) > 0, µl = O(e−1/

√
ε), µk = O(e−1/

√
ε), and µi ∝ 1 for i =

l + 1, · · · , k − 1. For simplicity, we assume that w(τl) ≥ 0 and ẇ(τl) ≥ 0. Us-
ing (38) and a mathematical induction we derive that, for i = l + 1, · · · , k,

w̃(τi) = (−1)i−l|εẇ(τi)|
[
ai

1

]
,(39)
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where, for m = 1, 2, · · · , k−l−1
2 ,

al+2m−1 =
|J̇(zl+1/2)|

µl+2m−1| ln ε| + O(
1

| ln ε|2 ),

al+2m = −2|J̇(zl+1/2)|2
µl+2m| ln ε|2

m∑
s=1

αl+2s−1

µl+2s−1
+ O(

1
| ln ε|3 ),

(40)

while ak = 1
αk

+ O
(

1
|ln ε|

)
.

In the first step we verify (39) for i = l + 1. For convenience, let di+1/2 =
H(u̇i+1/2)J̇(zi+1/2). Because µl = O(e−1/

√
ε), (38) gives

w̃l+1 =
[

wl+1

εẇl+1

]
= −r

⎡
⎣

(
dl+1/2

| ln ε| + O
(√

ε |ln ε|
))

(αlwl + εẇl)(
µl+1 + dl+1/2

| ln ε| αl+1 + O
(√

ε |ln ε|
))

(αlwl + εẇl)

⎤
⎦ ,

and so

wl+1

εẇl+1
=

dl+1/2

| ln ε| + O
(√

ε |ln ε|
)

µl+1 + αl+1
dl+1/2

| ln ε| + O
(√

ε |ln ε|
)(41)

=
dl+1/2

µl+1| ln ε|

{
1 −

dl+1/2

|ln ε|
αl+1

µl+1
+ O

(
1

|ln ε|2

)}
,

which together with dl+1/2 = |J̇(zl+1/2)| in particular proves (39) for i = l + 1.
For the general induction step we must include the terms involving both µi and

µi+1 in the computation. We make the induction hypothesis that (39) holds for
w̃(τi) so that wi = aiεẇi �= 0. From (38) we obtain

wi+1

εẇi+1

=

(
µi +

di+1/2
|ln ε| αi + O

(√
ε |ln ε|

))
ai +

di+1/2
|ln ε| + O

(√
ε |ln ε|

)
(

αi+1µi + µi+1αi +
di+1/2
|ln ε| αiαi+1 + O

(√
ε |ln ε|

))
ai +

(
µi+1 +

di+1/2
|ln ε| αi+1 + O

(√
ε |ln ε|

)) .

But from the induction hypothesis, ai = O
(

1
|ln ε|

)
if i−l is odd and ai = O

(
1

|ln ε|2
)

if i − l is even. This allows us to simplify the ratio wi+1
εẇi+1

. For example, consider
the step when i = l + 1. In this case we obtain

wl+2

εẇl+2
=

µl+1al+1 + dl+3/2

|ln ε| + dl+3/2

|ln ε| αl+1al+1 + O
(√

ε| ln ε|
)

µl+2 + O
(

1
|ln ε|

) .

Substituting from (41) gives cancellation of the terms in the numerator of order
1

|ln ε| and leads to the desired expression for a2. We omit the remaining steps of this
induction. We remark that in order to get al+2m, we need the term of order 1

| ln ε|2
in al+2m−1 though, for simplicity, we do not give it explicitly in (40).

Now using µk = O(e−1/
√

ε) and the oddness of k − l, and (38) for the last layer
in the cluster, we get (39) for i = k with ak = 1

αk
+ O( 1

| ln ε| ), which implies (36).
We now show that w = 0 has exactly k − l roots in (τl, τk).
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First, we see from the expression of ai and w(τi) that w(τi) < 0 and (−1)i−lẇ(τi)
> 0 for all i = l, · · · , k. Consequently, there is exactly one root of w = 0 in (τl, τl+1)
and the number of roots of w = 0 in (τi, τi+1) is even for all i = l + 1, · · · , k − 1.

When i− l ∈ [1, k− l] is odd, we have w(τi)ẇ(τi) > 0, so that w = 0 has at most
one root in [τi, τi+1], and consequently, there are no roots in [τi, τi+1].

When i − l ∈ [2, k − l − 1] is even, we can use

w(zi+1/2) = ẇ(τi)ω(zi+1/2 − 0)
{

1 + w(τi)
εẇ(τi)

εω1

ω

∣∣∣
x=zi+1/2−0

}
,

along with the fact that 0 > w(τi)
εẇ(τi)

= ai = O( 1
| ln ε|2 ), εω1

ω

∣∣∣
x=zi+1/2−0

= O(1), and

ω(zi+1/2 − 0) > 0 to conclude w(zi+1/2) > 0 so that w = 0 has exactly one root in
(τi, zi+1/2). Hence, w = 0 has two roots in (τi, τi+1).

In conclusion, w = 0 has k − l roots in (τl, τk], and (36) holds.

9.5. Boundary layers at b. Finally we consider the case when (τl, τn) is an in-
terval with a boundary cluster of layers. Then µl = O(e−1/

√
ε) and µi ∝ 1 for

i = l + 1, · · · , n. Following the same calculation as for multiple interior layers, we
have (39) (if w(τl) ≥ 0 and ẇ(τl) ≥ 0) for all i = l+1, · · · , k with ai given by (40)).
Hence, we have the following conclusion:

(1) Suppose that n − l is odd. Then w = 0 has exactly n − l roots in (τl, b) and
w(b)ẇ(b) > 0.

(2) Suppose that n − l is even. Then w = 0 has exactly n − l − 1 roots in (τl, b)
and w(b)ẇ(b) < 0.

10. The Morse index for spikes

In this section, we prove the following:

Theorem 7. Let (τl, τk) be an interval with a cluster of spikes. Let w be the
solution to (26), and assume that w(τl)ẇ(τl) ≥ 0. Then w(τk)ẇ(τk) > 0 with the
only possible exception k = n. Also the following hold:

(i) If (τl, τk) is a boundary cluster at a, an interior cluster of multiple spikes, or
an interior cluster of single spike with J(τl+1)Ṡ(τl+1) > 0, then w = 0 has k − l
roots in (τl, τk) and (36) holds.

(ii) If (τl, τk) with k = l + 2 is an interior cluster of a single spike with

J(τl+1)Ṡ(τl+1) < 0,

then w = 0 has exactly one root in (τl, τl+2], and (36) holds.
(iii) If (τl, τk) = (τl, b) is a boundary cluster at b, then (37) holds.

Clearly, Theorem 5 follows from Lemma 7.1, and Theorems 6 and 7.
To prove Theorem 7, we need some preparation.

10.1. The calculation of a11. In subsequent sections we will compute the expres-
sion PΨ(τi+1, τi−1)P−1. From this, we need to estimate aij (i, j = 1, 2). Especially,
for interior spikes (τl, τk), we find that the sign of w at τl+2m is determined by a11,
which will be shown to relate to Ṡ. The following lemmas provide this information.
Their proofs, however, will be given in the Appendix.
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Lemma 10.1. If J(x) �= 0, then

d

dx
S(x) =

∫ φ∗

φ0

Fxx(s, x)√
2F (s, x)

ds −
∫ φ

φ0

F 2
x (s, x)

(2F (s, x))3/2
ds −

∫ φ∗

φ

F 2
x (s, x) − F 2

x (φ∗, x)
(2F (s, x))3/2

ds

− F 2
x (φ∗, x)
f(φ∗, x)

{
1√

2F (φ, x)
−
∫ φ∗

φ

f(s, x) − f(φ∗, x)
(2F (s, x))3/2

ds

}
,

where the argument for φ0, φ∗ and φ is x.

Lemma 10.2. Assume that fi ∝ 1, Fi = O(ε2| ln ε|), and f2
i±1 = O(ε2| ln ε|). Then(ε2u̇2

i+1/2ε
2u̇2

i−1/2

f2
i

)
a11 = 2H(J(τi))Ṡ(τi) + O(ε| ln ε|).

Lemma 10.3. Assume that fi ∝ 1 and f2
i±1 = O(ε). Then a11 = O(1).

10.2. First approximation for PΨ(τi+1, τi−1)P−1. For spikes, we can use the
following approximation for fundamental solution matrices. In this lemma and
subsequently, r denotes a positive number, not necessarily the same at each occur-
rence.

Lemma 10.4. Assume that f2
i ∝ 1 and f2

i±1 = O(ε). Then for some positive r

PΨ(τi, τi−1)P−1 = −r

{[
0
1

] [
αi−1 1

]
+ O(

√
ε)
}

,(42)

PΨ(τi+1, τi)P−1 = −r

{[
1

αi+1

] [
1 0

]
+ O(

√
ε)
}

.(43)

If in addition we have ε2| ln ε|
f2

i−1+f2
i+1

= O(1), then

(44) PΨ(τi+1, τi−1)P−1 = r

{[
1

αi+1

] [
1 0

]
µ + µ̂

[
0
1

] [
αi−1 1

]
+ O( 1

| ln ε| )
}

,

where (µ, µ̂) = (1,
f2

i+1

f2
i−1

) if f2
i+1

f2
i−1

= O(1) and (µ, µ̂) = ( f2
i−1

f2
i+1

, 1) if f2
i−1

f2
i+1

= O(1).

Proof. We use (29) and (30). The estimates for t⊥R+ and tL− are the same as
for layers, since f2

i±1 = O(ε). For PΨ(τi+1, τi)P−1, we see from (31) that ε
ω2

+
=

O( f2
i+1
ε ) = O(1) and ε

ω2
−
∝ f2

i

ε ∝ 1
ε . Hence, the term involving ε

ω2
−

is the dominant
term, and we have (43). The assertion (42) is similarly derived.

The assertion (44) follows from (30) by estimating the coefficients aij . For ex-
ample, for a12 since all the jumps [[ ρ ]] , [[ γ ]] are O(1), and

ωL− =
ε2u̇i−1/2

fi−1
c(zi−1/2 − 0) ∝ ε

fi−1
, ωR− =

ε2u̇i+1/2

fi
c(zi−1/2 + 0) ∝ ε

fi
,

we have

a12 =
ε2

ω2
L−ω2

R−

(
1 + O(

ω2
R−
ε

)
)

=
ε2

ω2
L−ω2

R−

(
1 + O(ε)

)
∝

f2
i−1f

2
i

ε2
∝

f2
i−1

ε2
.

Hence, if τi−1 �= τl, use the estimates for Fi−1 in Section 4 and the relation f2
i−1 ∝

Fi−1, to yield that either f2
i−1 ∝ ε or f2

i−1 ∝ ε2 |ln ε|. We then have a12 ≥ C |ln ε|.
A similar estimate holds for a21 if τi+1 �= τk. Since by Lemma 10.3 a11 = O(1), we
see that a12 and a21 are the dominant terms, which leads to (44). �
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10.3. Boundary spikes at a. We first consider the case when (τ0, τk) is an interval
with a boundary, at a, cluster of spikes. We consider two cases: (i) k is odd, (ii) k
is even.

Suppose that k is even. Then τ2m+1 for m = 0, · · · , k/2 − 1 are peaks of the

spikes. Also, f2
2m+2

f2
2m

= O(1) for m = 0, · · · , k/2−1. Hence, using w(a) = 1, ẇ(a) = 0
and (44) we obtain

w̃(τ2m) = |w(τ2m)|
[

1
ν2m + o(1)

]
, m = 0, 1, · · · , k/2,

where ν2m are iteratively defined by

ν0 = 0, ν2m+2 = α2m+2 + f2
2m+2

f2
2m

(α2m + ν2m).

In particular, since fk = O(e−1/
√

ε), we have νk = αk + o(1). Thus, w(τ2m) > 0
for each m = 1, · · · , k/2. This implies that w = 0 has exactly two roots in each
(τ2m, τ2m+2). Hence, w = 0 has k roots in (a, τk), and (36) holds.

Next suppose that k is odd. Then τ0 = a is a peak. Using w(a) = 1, ẇ(a) = 0
and (43) we see that w̃(τ1) = −|w(τ1)|

[
1

α1+o(1)

]
. This implies that w = 0 has

exactly one root in (a, τ1). From τ1 to τk, we follow the same argument as before
to conclude that w = 0 has exactly k roots in (a, τk), and (36) holds.

10.4. Boundary spikes at b. Next we consider the case when (τl, τn) is an interval
with a boundary, at b, cluster of spikes. We have, by assumption, that w(τl)ẇ(τl) ≥
0. We want to show that (37) holds. By working with −w if necessary, we can
assume that w(τl) ≥ 0 and ẇ(τl) ≥ 0.

First we show that (−1)i−lẇ(τi) > 0 for all i = l + 1, · · · , n. We note that

fl = O(e−1/
√

ε) and f2
l+2m

f2
l+2m+2

= O(1) for all m = 0, · · · , [n−l−2
2 ]. Hence, using

(42) and (44), we inductively derive that w̃(τi) = (−1)i−l|εẇ(τi)|
[

o(1)
1

]
for all

i = l + 1, · · · , k. Therefore, (−1)i−lẇ(τi) > 0 for all i = l + 1, · · · , n. In particular,
ẇ(b) �= 0.

To find the number of zeros of w in (τl, b), we will compare the roots of w = 0
with the roots of w̄ = 0, where w̄ solves

ε2 ¨̄w = fuw̄ in (a, b), w̄(b) = 1, ˙̄w(b) = 0.

By reversing the x axes and using the argument for boundary spikes at a in the
previous subsection, we see that w̄ = 0 has exactly n− l roots in (τl, b). Hence, by
the Liouville theorem, the number of roots of w = 0 in (τl, b) is at least n − l − 1
and at most n − l + 1.

Now suppose that w(b)ẇ(b) > 0. Then (−1)n−lw(b) > 0. It then follows that
the number of roots in (τl, b) is (n− l)mod(2). Thus, the number of roots is exactly
n − l.

Next we consider the case w(b)ẇ(b) ≤ 0. Then, by the Liouville theorem, one
derives that the right-most root to w̄ = 0 in (τl, b] is on the right-hand side of
the right-most root of w = 0 in (τl, b). Hence, the number of roots of w = 0 in
(τl, b) is at most n − l. Noting that either (−1)n−l−1w(b) > 0 or w(b) = 0 and
(−1)n−lẇ(b) < 0, we conclude from the sign change of w that the number of roots
of w = 0 in (τl, b) is (n − l − 1)mod(2). Hence, the number of roots of w = 0 in
(τl, b) is n − l − 1. This completes the proof of (37).
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10.5. Interior spikes. Finally, we consider interior spikes. Hence, assume that
(τl, τk) is an interval with an interior cluster of spikes. Then k − l is even, fl+2m =
O(ε2| ln ε|) for m = 0, · · · , (k − l)/2 and fl+2m+1 ∝ 1 for m = 0, · · · , (k − l)/2 − 1.

Without loss of generality, we assume that w(τl) ≥ 0 and ẇ(τl) ≥ 0.
First suppose that we have a single spike. Then both fl and fl+2 are of size

O(e−1/
√

ε), so that 1
ω2

L−
, 1

ω2
R+

= O(e−1/
√

ε). It then follows that, for some r > 0,

PΨ(τl+2, τl)P−1 = r

{
a11

[
1

αl+2 + o(ε)

] [
αl + O(ε) 1

]
+ O(e−c/

√
ε)
}

.

Since a11 ∝ H(J(z∗))Ṡ(z∗), we then conclude that, for k = l + 2,

w̃(τk) = (−1)s|w(τk)|
[

1
αk + o(1)

]
H(wl + ẇl),

where s = 1 if J(z∗)Ṡ(z∗) < 0 and s = 2 if J(z∗)Ṡ(z∗) > 0. It follows that (36)
holds. In the latter case, we conclude that w = 0 has two roots in (τl, τl+2). In
the former case we know that there are either 1 or 3 roots, and we must show that
there is only one.

For this purpose, we first calculate, from (42),

w̃(τl+1) = PΨ(τl+1, τl)P−1w̃(τl) = −r

{[
0 0
αl 1

]
+ O(

√
ε)
}[

wl

εẇl

]
(45)

= −H(wl + εẇl)|εẇl+1|
[
O(

√
ε)

1

]
(46)

and so
εẇl+1

wl+1
= O(

√
ε).

Then, a technique similar to one used in Section 9.4 shows that wlwl+1/2 ≥ 0 and
wl+3/2wl+2 > 0. It thus follows that w = 0 has exactly one root in (zl, zl+2].

Next we consider the case k − l > 2. Then we must have J(z∗)Ṡ(z∗) > 0 so
that a11 > 0 and is of order 1. Since f2

l+2m = O(ε2| ln ε|), we see that ε
ω2

L−
, ε

ω2
R+

=

O(ε| ln ε|). Also, ε
ω2

L+
, ε

ω2
R−

∝ 1
ε . Therefore, all the entries in the 2 × 2 matrix

PΨ(τl+2m, τl+2m−2)P−1 are positive. This implies that w(τ2m) > 0 and ẇ(τ2m) > 0
for all m = 1, · · · , k/2, and w = 0 has two roots in (τ2m−2, τ2m). Consequently,
w = 0 has k − l roots in (τl, τk).

Note in particular that for the last matrix PΨ(τk, τk−2)P−1, the quantities a21

and a22 are exponentially small so that

PΨ(τk−2, τk)P−1 = r
{
t⊥R ⊗ (a11t + a12e1) + O(e−c/

√
ε)
}
.

It then follows that (36) holds. This completes the proof. �

11. An extension

In this section, we extend our theory to

(47) f(u, x) = A(u, x)[u − φ−(x)] [u − φ(x)] [u − φ+(x)], A > 0, φ− < φ < φ+.

By a calculus of variation, for all small positive ε > 0, (1) admits a unique
minimal solution u−(x, ε) and a unique maximal solution u+(x, ε) which satisfy

(48) ‖u± − φ±‖C0 + ε‖u± − φ±‖C1 + ε2‖u±‖C2 = O(ε2).
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Introduce the change of variables (u, x) → (θ, y) by

y = yε(x) :=
∫ x

a

dz

(u+(z, ε) − u−(z, ε))2
, θ =

u − u−
u+ − u−

.

Then problem (1) for u(x) is equivalent to the new problem, for θ(y),

(49) ε2θ′′(y) = fε(θ, y) in (0, bε), θ′(0) = θ′(bε) = 0,

where ′ = d
dy , bε = yε(b), and

fε(θ, y) = (u+ − u−)3{f(θu+ + (1 − θ)u−, x) − (1 − θ)f(u−, x) − θf(u+, x)}.
Since u± = φ±+O(ε2), f(u±, x) = O(ε2). It then follows that for all small positive
ε, fε(·, y) = 0 has exactly three roots: 0, φε, 1, where limε↘0 φε = φ−φ−

φ+−φ−
.

For fε, denote the corresponding functions defined in Section 1 by Jε, Fε and Sε.
For f , we define

J(x) =
∫ φ+(x)

φ−(x)

f(s, x)ds, φ0(x) =
{

φ+(x) if J(x) ≥ 0,
φ−(x) if J(x) < 0,

F (u, x) =
∫ u

φ0(x)

f(s, x) ds, φ∗(x) ∈ [φ−, φ+] \ {φ0} : F (φ∗, x) = 0,(50)

S(x) =
d

dx

∫ φ∗(x)

φ0(x)

√
2F (s, x)dx =

∫ φ∗

φ0

Fx(s, x)√
2F (s, x)

ds if J(x) �= 0.

Using (48), one can directly verify, as ε ↘ 0, the following limits in the C1

topology:

fε(θ, y) −→ (φ+ − φ−)3f(θφ+ + (1 − θ)φ−, x),
Jε(y) −→ J0(y) := (φ+ − φ−)2J(x),
Sε(y) −→ S0(y) := (φ+ − φ−)2S(x) when J(x) �= 0,

where x and y are related by

y =
∫ x

a

dz

(φ+(z) − φ−(z))2
.

Note that J0(y) = 0 ⇔ J(x) = 0 and S0(y) = 0 ⇔ S(x) = 0. In addition,

J2 + J̇2 > 0 ⇔ J2
0 + J ′

0
2 > 0 ⇒ ∃ε0, η > 0 � J2

ε + J ′
ε
2 ≥ η ∀ε ∈ (0, ε0],

S2 + Ṡ2 > 0 ⇔ S2
0 + S′

0
2 > 0 ⇒ ∃ε0, η > 0 � S2

ε + S′
ε
2 ≥ η ∀ε ∈ (0, ε0].

These properties ensure that our results in the previous sections apply to (49).
Since ZJε

and ZSε
are in an O(ε) neighborhood of ZJ0 and ZS0 respectively, we

see that the conclusion for solutions to (49) can be stated with ZJε
and ZSε

being
substituted by ZJ0 and ZS0 . Transferring back to the x variable, we obtain the
corresponding results; in particular, layers exist only near ZJ and spikes only near
ZS with J and S defined by (50).

Finally, we provide an example where

f(u, x) = u3 − λu + p(x).

It is easy to see that f can be put into the form (47) provided that

λ > 3
(1

2
‖p‖L∞

)2/3

.
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In such a case, one can calculate, by (50), that

J(x) ∝ p(x), S(x) ∝ ṗ(x) (when p(x) �= 0).

Thus, layers exist near the zeros of p, interior multiple spikes exist near non-
degenerate negative maxima or positive minima of p, and there exist only interior
single spikes near non-degenerate positive maxima and negative minima of p.

When p(x) = cosx, these results suggest what was, in fact, proved in [AH],
namely that solutions exist with layers near odd multiples of π

2 and single spikes
at multiples of π. There do not exist interior multiple spikes. The methods of this
paper also serve to determine the Morse index of these solutions.

Appendix

Proof of Lemma 10.1. Since F (s, x) vanishes quadratically around s = φ0 and lin-
early around s = φ∗, all the integrals involved are convergent. Also, differentiating
F (φ∗, x) = 0 gives us Fx(φ∗, x)+φ∗

xf(φ∗, x) = 0. For any fixed constant a between
φ0 and φ∗, we can write

S(x) =
∫ a

φ0

Fx√
2F

ds +
∫ φ∗

a

Fx + fφ∗
x√

2F
ds + φ∗

x

√
2F (a, x).

A direct differentiation then gives

d

dx
S(x) =

∫ φ∗

φ0

Fxx√
2F

ds −
∫ a

φ0

F 2
x

(2F )3/2
ds −

∫ φ∗

a

(Fx + fφ∗
x)Fx

(2F )3/2
ds

+
∫ φ∗

a

fφ∗
xx + fxφ∗

x√
2F

ds + φ∗
xx

√
2F (a, x) +

φ∗
xFx(a, x)√
2F (a, x)

.

Note that∫ φ∗

a

fφ∗
xx + fxφ∗

x√
2F

ds = −φ∗
xx

√
2F (a, x) − φ∗

x

Fx(a, x) − Fx(φ∗, x)√
2F (a, x)

+
∫ φ∗

a

φ∗
x(Fx − Fx(φ∗, x))f

(2F )3/2
ds.

Thus,

d

dx
S(x) =

∫ φ∗

φ0

Fxx√
2F

ds−
∫ a

φ0

F 2
x

(2F )3/2
ds−
∫ φ∗

a

F 2
x + fFx(φ∗, x)φ∗

x

(2F )3/2
ds+

φ∗
xFx(φ∗, x)√
2F (a, x)

.

Here each unstated argument of Fx,Fxx, or f is (s, x) . The lemma thus follows by
replacing φ∗

x = −Fx(φ∗, x)/f(φ∗, x) and setting a = φ. �

Proof of Lemma 10.2. Without loss of generality, we assume that τi is a local max-
imum, so that fi < 0, J(τi) < 0, u̇i+1/2 < 0 and u̇i−1/2 > 0.

First, we calculate [[ ρ ]]R+
R− = [[ ρ ]]zi+1/2+0

zi+1/2−0. From (31), we see that ρ = ċ
c at zi+1/2.

Using G(u, v, t) = F (u, t) − F (v, t), we have −Gx(u, ui, x) +
∫ x

τi
Gxx(u, ui, t)dt =

−Fx(u, x) + Fx(ui, τi) +
∫ x

τi
Fxxdt and −G(u, ui+1, x) +

∫ x

τi+1
Gxx(u, ui+1, t) dt =
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−Fx(u, x) + Fx(ui+1, τi+1) +
∫ x

τi+1
Fxxdt. Hence, from (32), we have

ε2u̇2
i+1/2[[ ρ ]]zi+1/2+0

zi+1/2−0 = Fx(ui+1, τi+1) − Fx(ui, τi) +
∫ τi

τi+1

Fxx(u(t), t)dt

−
∫ zi+1/2

τi+1

G2
x(u, ui+1, t)

ε2u̇2
dt −

∫ τi

zi+1/2

G2
x(u, ui, t)
ε2u̇2

dt + O(ε2).

Note that Fx(ui+1, τi+1)=O(f2
i+1)=O(ε2| ln ε|). Also, denoting F ∗

x =Fx(φ∗(τi), τi),
then Fx(ui, τi) = F ∗

x + O(ε2| ln ε|) since F vanishes linearly at φ∗ and Fi =
O(ε2| ln ε|) implies that φ∗(τi) − ui = O(ε2| ln ε|). Thus, using a technique sim-
ilar to that used in the proof of Lemma 4.1 we then obtain

ε2u̇2
i+1/2[[ ρ ]]zi+1/2+0

zi+1/2−0 = −F ∗
x − ε

∫ φi

0

(
Fxx√
2F

− F 2
x

(2F )3/2

)
ds

− ε

∫ φ∗
i

φi

(
Fxx√
2F

− (Fx−F∗
x )2

(2F )3/2

)
ds + O(ε2| ln ε|).

Here and below each unstated argument of F, Fx, Fxx, or f is (s, τi).
Note that we integrate ċ

c in (32) and use a technique similar to that used in
showing (17) to get

c(zi+1/2 − 0) = 1 + εc1, c1 = −
∫ φ∗

i

φi

Fx − F ∗
x

(2F )3/2
ds + O(ε| ln ε|).

Then using ω2
R− = ε2u̇2

i+1/2
ε2

f2
i

c2(zi+1/2 − 0) we obtain

f2
i ω2

R−
ε2

[[ ρ ]]R+
R− = (1 + 2εc1 + ε2c2

1) ε2u̇2
i+1/2[[ ρ ]]zi+1/2+0

zi+1/2−0

= −F ∗
x − ε

∫ φi

0

( Fxx√
2F

− F 2
x

(2F )3/2

)
ds − ε

∫ φ∗
i

φi

( Fxx√
2F

− (Fx − F ∗
x )2

(2F )3/2

)
ds

+ 2εF ∗
x

∫ φ∗
i

φi

Fx − F ∗
x

(2F )3/2
dx + O(ε2| ln ε|)

= −F ∗
x + εH(u̇i+1/2)

{∫ φi

φ0

( Fxx√
2F

− F 2
x

(2F )3/2

)
ds +

∫ φ∗
i

φi

( Fxx√
2F

− F 2
x − F ∗

x
2

(2F )3/2

)
ds

}

+ O(ε2| ln ε|).

Similarly, we can calculate ω2
L+[[ ρ ]]L−

L+ = −ω2
L+[[ ρ ]]L+

L− and obtain the same expres-
sion. As H(u̇i+1/2) = −H(u̇i−1/2) = H(fi), we then obtain

f2
i

ε2

{
ω2

L+[[ ρ ]]L+
L− + ω2

R−[[ ρ ]]R+
R−

}

= 2εH(fi)

{∫ φi

φ0

( Fxx√
2F

− F 2
x

(2F )3/2

)
ds +

∫ φ∗
i

φi

( Fxx√
2F

− F 2
x − F ∗

x
2

(2F )3/2

)
ds

}

+ O(ε2| ln ε|).
Note that

ω2
L+[[ ρ ]]L+

L− =
ε2

f2
i

{F ∗
x + O(ε)}, ω2

R−[[ ρ ]]R+
R− =

ε2

f2
i

{−F ∗
x + O(ε)}.
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Also, by Lemma 8.2, we have

[[ γ ]]R−
L+ = 2fiH(fi)

{ 1√
2F (φi, τi)

−
∫ φ∗

i

φi

f − f∗

(2F )3/2
ds
}

+ O(ε| ln ε|).

It then follows that

ω2
L+ω2

R−a11 = εω2
L+[[ ρ ]]L+

L− + εω2
R−[[ ρ ]]R+

R− + ω2
L+[[ ρ ]]L+

L−[[ γ ]]R−
L+ω2

R−[[ ρ ]]R+
R−

=
2ε4H(fi)

f2
i

{∫ φ

φ0

( Fxx√
2F

− F 2
x

(2F )3/2

)
ds +

∫ φ∗
i

φi

( Fxx√
2F

− F 2
x − F ∗

x
2

(2F )3/2

)
ds

−F ∗
x

2

fi

{ 1√
2F (φi, τi)

−
∫ φ∗

i

φi

f − f∗

(2F )3/2
ds
}

+ O(ε| ln ε|)
}

=
2ε4H(fi)

f2
i

{
Ṡ(τi) + O(ε| ln ε|)

}
.

Finally, using

ω2
L+ω2

R− =
ε8u̇2

i+1/2u̇
2
i−1/2

f4
i

[1 + O(ε)],

we then obtain the assertion of the lemma.

Proof of Lemma 10.3. The proof follows the same lines as in the proof of the pre-
vious lemma, with the simplification that all the integrals for the coefficient of ε
be replaced by O(1). In particular, Fx(ui±1, τi±1) = O(f2

i±1) = O(ε). We omit the
details. �
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